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A semiconducting nanowire proximitized by an s-wave superconductor can be tuned into a topological state
by an applied magnetic field. This quantum phase transition is marked by the emergence of Majorana zero
modes at the ends of the wire. The fusion of Majorana modes at a junction between two nanowires results
in a 4pi-periodic Josephson effect. We elucidate how the 4pi-periodicity arises across the topological phase
transition in a highly-transparent short nanowire junction. Owing to a high transmission coefficient, Majorana
zero modes coming from different wires are strongly coupled, with an energy scale set by the proximity-induced,
field-independent pairing potential. At the same time, the topological spectral gap—defined by competition
between superconducting correlations and Zeeman splitting—becomes narrow in the vicinity of the transition
point. The resulting hybridization of the fused Majorana states with the spectral continuum strongly affects
the electron density of states at the junction and its Josephson energy. We study the manifestations of this
hybridization in the energy spectrum and phase dependence of the Josephson current. We pinpoint the experi-
mentally observable signatures of the topological phase transition, focusing on junctions with weak backscattering.
I. INTRODUCTION
Single-mode semiconductor nanowires proximitized by a
conventional s-wave superconductor have emerged as a lead-
ing candidate for the implementation of topological quantum
computing [1–4]. Due to the spin-orbit coupling in the wire,
the two Kramers doublets at the Fermi energy,±kout and±kin,
respectively, are separated in momentum space. The supercon-
ducting proximity effect acts individually on each of the two
doublets, inducing superconducting pairing gaps. The result-
ing state is topologically trivial. In a magnetic field, however,
pairing competes with spin polarization induced by the Zee-
man effect. A non-trivial topological state is formed if the
Zeeman effect wins for one of the doublets. For definiteness,
we concentrate on the most favorable point for the formation
of a topologically non-trivial state, kin = 0, achievable at a
specific value of the Fermi energy. We also assume that the
spin-orbit coupling is strong. In this case, a homogeneous mag-
netic field parallel to the wire induces a Zeeman splitting of the
kin = 0 “inner” doublet, while having little effect on the±kout
“outer” doublet. Under these conditions, only the Cooper pairs
belonging to the ±kout helical modes remain intact, giving
rise to a topological superconducting state which supports a
Majorana zero mode (MZM) at each end of the wire.
Quantum computing operations require controllable fusion
of pairs of MZMs belonging to different wires (or to different
proximitized portions of the same wire) into a single Dirac
fermion [5, 6]. The energy of the resulting fused state is not
fixed at zero and depends on the strength and phase φ of the
Josephson coupling between the wires. If each wire carried
only the ±kout helical mode, this dependence would consist
of a single 4pi harmonic with amplitude proportional to the
transmission amplitude,
√
D, of the junction [7]. The fused
state would be localized at the junction.
The peculiarity of the topological phase transition in a prox-
imitized nanowire is that the natural energy scale of the cou-
pling between the MZMs remains large (of the order of the
proximity-induced pairing potential) even while the spectral
gap closes at the transition. This occurs because the MZMs
are formed out of the ±kout helical states, while the smallest
gap in the spectral continuum lies within the states adjacent
to the kin = 0 momentum. The presence of a continuum with
a narrow gap strongly modifies the Dirac fermion formed by
fusion at the junction. This modification affects the density
of states at the junction and results in an unsual current-phase
relation of the Josephson effect.
In this work, we investigate the energy spectrum and zero-
temperature thermodynamic properties of the junction as it is
tuned through the topological phase transition. We focus on
the experimentally important case of short, almost-transparent
junctions (1−D  1). Due to the emphasis on the topological
phase transition itself, our work complements previous studies
of the 4pi-periodic Josephson effect in proximitized nanowires
[2, 8–15], and provides guidance for experiments aimed at
detecting the onset of the topological phase.
Summary of results
In the absence of backscattering (D = 1), a junction does
not mix the states near kin with those near ±kout, which we
will refer to as the inner and outer modes respectively, at any
φ. If the induced gap ∆ exceeds the Zeeman energy B for the
inner modes, the wires are in a topologically trivial state. At
finite φ, both inner and outer modes carry an Andreev bound
state localized at the junction. These states cross zero energy
and simultaneously change their ground state occupation once
the phase crosses φ = ±pi (due to periodicity, it is sufficient
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2to consider an interval φ ∈ [−2pi, 2pi]). Such a change of the
occupation is allowed, as it does not violate fermion parity
conservation. The discontinuous change in the ground state
leads to discontinuities of the Josephson current I(φ) at φ =
±pi. At the critical value of the magnetic field, B = ∆, the
gap in the inner modes closes and then reopens at B > ∆
without the bound state. The remaining bound state (associated
with the outer modes) does cross zero energy at φ = ±pi, but
this time its occupation cannot change, due to fermion parity
conservation. The occupation of the bound state may change
only at larger phases, φ = ±(pi + φ0), at which placing a
quasiparticle in the continuum above the gap in the inner-mode
spectrum is energetically favorable. The peculiarity of the
resulting ground state is that it contains a quasiparticle at the
edge of the continuum, and therefore is not separated by a gap
from the excited states.
The appearance of φ0 6= 0 at B > ∆ signals that the prop-
erties of the junction are 4pi-periodic in the topological phase.
While the change of the periodicity in φ at B = ∆ is associ-
ated with a dramatic qualitative change of the eigenstates, the
quantitative changes in observables—such as the Josephson
current—are more subtle. Indeed, the inner-mode spectral gap
scales linearly with |B −∆| and is small near the transition.
Therefore the discontinuities in I(φ) shift from the points ±pi
by small amounts, φ0 ∝ (B −∆)Θ(B −∆).
The effect of weak scattering on the energy spectrum and
the Josephson current is different—at the qualitative as well
as the quantitative level—on the two sides of the topological
transition. In the topologically trivial state, backscattering
couples the bound states of the inner and outer modes. As
a result, the bound state energies are repelled from zero in
the vicinity of φ = ±pi. This leads to the smearing of the
discontinuity in the Josephson current over a phase interval
δφB<∆ ∝
√
1−D, similar to the standard case of a short SNS
junction [16]. In the topological state the zero energy crossings
at φ = ±pi are protected by fermion parity conservation and
are thus unaffected by the scattering. At the same time, even
weak scattering substantially alters the bound state energy
once it approaches the edge of the inner-mode continuum.
Hybridization between the bound state and the continuum
states smears the discontinuity in the Josephson current over
δφB>∆ ∝ (1 − D)2. Thus on the topological side of the
transition the smearing is weak compared to that on the trivial
side. Furthermore, we find another spectroscopic feature of
the topological transition: in the vicinity of φ = 0,±2pi, weak
scattering peels off shallow Andreev bound states from the
continuum. These states appear only in the topologically non-
trivial phase, and can thus serve as an additional signature of
the transition.
Throughout the paper, we pay particular attention to the
contribution of the continuous part of the spectrum to the
Josephson properties. In the short junction limit, the continuum
contribution to the ground state energy and to the Josephson
current vanishes at zero magnetic field, as is well known, but it
becomes nonzero at finite magnetic field. This contribution is
2pi-periodic in both the trivial and topological phases. Yet, it
carries an imprint of the transition in the form of a non-analytic
dependence on the magnetic field close to the critical point.
L⌧ ⇠
B!
k
 e i /2
<latexit sha1_base64="nZib0bvwGxbJvq8vIF4bqAXG60M=">AAAExHicb VNbb9MwFM62AqPcNvbIS0Q3aUNdacKkTUKTioYQjwOxi1SXyXFOG6uOHdnO2s4L/4MnXuEn8W+w3XZaNywlOTnnO9+5OikYVbrd/ru0vFJ78PDR6uP6k6fPnr9 YW395qkQpCZwQwYQ8T7ACRjmcaKoZnBcScJ4wOEuGR85+dglSUcG/6UkBvRwPOO1TgrVVXaxtoI/ANA7hu9mlqMjo27i6WGu0W21/wvtCNBMawewcX6yv/ESp IGUOXBOGlepG7UL3DJaaEgZVHZUKCkyGeABdK3Kcg2qG6SUtlJd7xldShVvWmoZ9Ie3Ddei1t71NQYmOoek+pVxkNjhXapInliXHOlN3bU75P1u31P2DnqG8KD VwMk2iX7JQi9C1LEypBKLZxAqYSGprCkmGJSbaNnYhiqbDK5sThxEReY55+gYRKm0L0m7UM8iZu/NpHW47kpb73emZenjrIC5S6KoMF3A49W+mEo+alHOQoQ13 GNv2hp5gJzSNqHpfLYQ1KJG48jEZ5gMGYSO6voMYgvaI60aEpAfdpyAeFC/QNOIbeB3leAjYLp22rajbVbLTl/BVJKXSR3OeD1KKkQvV7ZktWyciGZBhx83BD Vk5Fe0jCQyPUQpaDIHTK3BlTZW+N0jZIGJEU50ZlFK7ap3KbKK8ozMk6SDT2IXZrHwEYApuvBjwwW0ny+tBfereKhFjdNUxbowuHXNSGbvCk8rkleEVchslmNm LqqlXAgPKzXz/tmesTZRpy7LjEFKUPCW4cLJdqSlkXMgZdLe1j0apBTfbOz7qNIFqDm83kcvDg+MYaRhr9x9bsFub7cj7zYrxXmC7PE9oq17NpyJ0ZodiL3N0 9+reF07jVvSuFX/Za3QOZtd6NXgVvA62gyjYDzrB5+A4OAlIMAl+Bb+DP7VPNVZTtXIKXV6a+WwEC6f24x885ZNr</latexit>
 ei /2
<latexit sha1_base64="voPKjvRZSW9RmNXKMDwflZi/bIc=">AAAEw3icb VPdbtMwFM62AqP8beOSm4huUotKacKkTUKTigYSlwPRbVJdJsc5bawkdmQ7azsvD8INt/BKvA22207rhqUkJ+d85zu/joqMStXt/l1b36g9ePho83H9ydNnz19 sbe+cSl4KAn3CMy7OIywhowz6iqoMzgsBOI8yOIvSY2s/uwQhKWff1ayAYY7HjI4owcqoLrZ20CfIFPbhh6aoSOi7sLrYanQ7XXf8+0KwEBre4pxcbG/8RDEn ZQ5MkQxLOQi6hRpqLBQlGVR1VEooMEnxGAZGZDgH2fbjS1pIJw+1K6Ty94w19kdcmIcp32lve+uCEhVC235KscqscS7lLI8MS45VIu/arPJ/tkGpRodDTVlRKm BknsSozHzFfdsxP6YCiMpmRsBEUFOTTxIsMFGmrytRFE2vTE4MJoTnOWbxG0SoMC2IB8FQI2seLId11LQkHfvbGuq6f+sgxmMYyAQXcDT3b8cCT9qUMRC+CXcU mvb6jqDl60ZQfahWwmoUCVy5mBlm4wz8RnB9B5GCcojrRoCEA92nIA4UrtA0wht4HeU4BWx2TplW1M0mmekL+MajUqrjJc9HIfjEhhoM9Z6pE5EESNqzc7BDl lZFR0hAhqcoBsVTYPQKbFlzpesNkiYIn9BYJRrF1Kxar9K7KO+pBAk6ThS2YXYrFwEyCTdeGbDxbSfD60Ajat8y4lN01dN2jDYd3a+0WeFZpfNKswrZjeKZ3g+ quVcEY8r0cv+aC9Y2SpRhaVmE4CWLCS6sbFZqDpkWYgF92zlAk9iA292WizpPoFrCu21k83DgMEQKpsr+hwZs16YZOL9FMc4LTJeXCe3Vq+VUuErMUMxlDu5e 3fvCadgJ3nfCr/uN3uHiWm96r7zXXtMLvAOv533xTry+R7yp98v77f2pfa6lNVFTc+j62sLnpbdyatU/ToGTNA==</latexit>
inner
<latexit sha1_base64="SC6UC+y/0hpC01k5PuIVUmAL9BE=">AAAEvXicb VPdbtMwFM5YgVH+NrjkJqKb1KJSNWHSkNBE0bjgciC6TarL5DinjVXHjmxnbeflPeAS3oq3wXbbad2wlOTknO9859dJwajS3e7fjXubtfsPHm49qj9+8vTZ8+2 dFydKlJJAnwgm5FmCFTDKoa+pZnBWSMB5wuA0mRw5++kFSEUF/67nBQxzPOZ0RAnWVvUDaZhpmRvKOcjqfLvR7XT9Ce8K0VJoBMtzfL6z+QulgpQ5cE0YVmoQ dQs9NFhqShhUdVQqKDCZ4DEMrMhxDqodphe0UF4eGl9CFe5ZaxqOhLQP16HX3vQ2BSU6hrb7lHKd2eBcqXmeWJYc60zdtjnl/2yDUo/eD23tRamBk0USo5KFWo SuV2FKJRDN5lbARFJbU0gyLDHRtqNrUTSdXNqcOEyJyHPM0zeIUGlbkA6ioUHOPFiN6bDpSDrutzU09fDGQVykMFAZLuBw4d9OJZ62/XhCG+4wtu0NPUErNI2o +lCthTUokbjyMRnmYwZhI7q6hZiA9oirRoSkB92lIB4Ur9E04mt4HeV4Athum7atqKPPYKcv4ZtISqWPVjyfpBRTF2owNHu2TkQyIJOem4MbsnIqOkISGJ6hF LSYAKeX4MpaKH1vkLJBxJSmOjMopXbVepXZRXlPZ0jScaaxC7Nb+QjAFFx7MeDjm06W14NG1L1VImbosmfcGF06pl8Zu8LzyuSV4RVyGyWY2Y+qhVcCY8rNav+ aS9Y2yrRlaTmEFCVPCS6cbFdqAZkVcgl92zlA09SC292Wj7pIoFrBu23k8vDgOPY30/3HFuzWphl5v2Ux3gtsl1cJ7dWr1VSEzuxQ7GWObl/du8JJ3InedeKv +41ed3mtt4JXweugGUTBQdALvgTHQT8ggQx+Br+DP7WPNaixGl9A720sfV4Ga6c2/QfbNZJf</latexit>
outer
<latexit sha1_base64="O3pKZ0fK9BIXIwJ19pGsQAGpoVc=">AAAEvXicb VPdbtMwFM5YgVH+NrjkJqKb1KJSNWHSkNBE0bjgciC6TarL5DinjVXHjmxnbeflPeAS3oq3wXbbad2wlOTknO9859dJwajS3e7fjXubtfsPHm49qj9+8vTZ8+2 dFydKlJJAnwgm5FmCFTDKoa+pZnBWSMB5wuA0mRw5++kFSEUF/67nBQxzPOZ0RAnWVvUDaZhpmRtRapDV+Xaj2+n6E94VoqXQCJbn+Hxn8xdKBSlz4JowrNQg 6hZ6aLDUlDCo6qhUUGAywWMYWJHjHFQ7TC9oobw8NL6EKtyz1jQcCWkfrkOvveltCkp0DG33KeU6s8G5UvM8sSw51pm6bXPK/9kGpR69HxrKC1s9J4skRiULtQ hdr8KUSiCaza2AiaS2ppBkWGJim7UeRdPJpc2Jw5SIPMc8fYMIlbYF6SAaGuTMg9WYDpuOpON+W0NTD28cxEUKA5XhAg4X/u1U4mmbcg4ytOEOY9ve0BO0QtOI qg/VWliDEokrH5NhPmYQNqKrW4gJaI+4akRIetBdCuJB8RpNI76G11GOJ4Dttmnbijr6DHb6Er6JpFT6aMXzSUoxdaEGQ7Nn60QkAzLpuTm4ISunoiMkgeEZS kGLCXB6Ca6shdL3BikbRExpqjODUmpXrVeZXZT3dIYkHWcauzC7lY8ATMG1FwM+vulkeT1oRN1bJWKGLnvGjdGlY/qVsSs8r0xeGV4ht1GCmf2oWnglMKbcrPa vuWRto0xblpZDSFHylODCyXalFpBZIZfQt50DNE0tuN1t+aiLBKoVvNtGLg8PjmN/M91/bMFubZqR91sW473AdnmV0F69Wk1F6MwOxV7m6PbVvSucxJ3oXSf+ ut/odZfXeit4FbwOmkEUHAS94EtwHPQDEsjgZ/A7+FP7WIMaq/EF9N7G0udlsHZq038tNJJy</latexit>
outer
<latexit sha1_base64="O3pKZ0fK9BIXIwJ19pGsQAGpoVc=">AAAEvXicbVPdbtMwFM5YgVH+NrjkJqKb1KJSNWHSkNBE0bjgciC6TarL5DinjVXHjmxnbe flPeAS3oq3wXbbad2wlOTknO9859dJwajS3e7fjXubtfsPHm49qj9+8vTZ8+2dFydKlJJAnwgm5FmCFTDKoa+pZnBWSMB5wuA0mRw5++kFSEUF/67nBQxzPOZ0RAnWVvUDaZhpmRtRapDV+Xaj2+n6E94VoqXQCJbn+Hxn8xdKBSlz4JowrNQg6hZ6aLDUlDCo6qhUUGAywWMYWJHjHFQ7TC9oobw8NL6EKtyz1jQcCWkfrkOvv eltCkp0DG33KeU6s8G5UvM8sSw51pm6bXPK/9kGpR69HxrKC1s9J4skRiULtQhdr8KUSiCaza2AiaS2ppBkWGJim7UeRdPJpc2Jw5SIPMc8fYMIlbYF6SAaGuTMg9WYDpuOpON+W0NTD28cxEUKA5XhAg4X/u1U4mmbcg4ytOEOY9ve0BO0QtOIqg/VWliDEokrH5NhPmYQNqKrW4gJaI+4akRIetBdCuJB8RpNI76G11GOJ4Dt tmnbijr6DHb6Er6JpFT6aMXzSUoxdaEGQ7Nn60QkAzLpuTm4ISunoiMkgeEZSkGLCXB6Ca6shdL3BikbRExpqjODUmpXrVeZXZT3dIYkHWcauzC7lY8ATMG1FwM+vulkeT1oRN1bJWKGLnvGjdGlY/qVsSs8r0xeGV4ht1GCmf2oWnglMKbcrPavuWRto0xblpZDSFHylODCyXalFpBZIZfQt50DNE0tuN1t+aiLBKoVvNtGLg8P jmN/M91/bMFubZqR91sW473AdnmV0F69Wk1F6MwOxV7m6PbVvSucxJ3oXSf+ut/odZfXeit4FbwOmkEUHAS94EtwHPQDEsjgZ/A7+FP7WIMaq/EF9N7G0udlsHZq038tNJJy</latexit>
k
E
<latexit sha1_base64="izaOaQ/n3Ket2uhL95yAes8tP/0=">AAAEsHicb VNfb9MwEPdYgVH+bfDIS0Q3qUWlasKkTUKTigYSjxtif6S6mhzn2pgmdmQ7azsvn4BXeOCj8W2w3XZaN05Kcrn73e/Od+e4yJjS3e7ftQfrtYePHm88qT999vz Fy82tV6dKlJLCCRWZkOcxUZAxDiea6QzOCwkkjzM4i8eHzn92CVIxwb/rWQGDnIw4GzJKtDUdf7nYbHQ7XS/BfSVcKA20kKOLrfU/OBG0zIFrmhGl+mG30AND pGY0g6qOSwUFoWMygr5VOclBtYPkkhXK6wPjq66CHetNgqGQ9uE68Nbb0aZgVEfQdp9SrjIbkis1y2PLkhOdqrs+Z/yfr1/q4f7AMF6UGjidFzEss0CLwLUnSJ gEqrOZVQiVzJ4poCmRhGrbxJUsmo2vbE0cJlTkOeHJO0yZtC1I+uHAYOfuLydz0HQkHffbGph6cEswFwn0VUoKOJjHtxNJJm3GOcjApjuIbHsDT9AKTCOsPlYr aQ2OJal8zozwUQZBI7y+gxiD9ojrRoilB92noB4UrdA0oht4HedkDMQumLatqOPPYKcv4ZuIS6UPlzyfpBQTl6o/MDv2nJimQMc9Nwc3ZOVMbIglZGSKE9BiD JxdgTvW3Oh7g5VNIiYs0anBCbOr1qvMNs57OsWSjVJNXJrtymeATMFNVAZ8dDvI8nrQkLm3isUUX/WMG6Mrx5xUxq7wrDJ5ZXiF3UaJzOyG1TwqhhHjZrl/zQV rG6fasrQcQoqSJ5QUTrcrNYdMC7mAvu/s4Uliwe1uy2edF1At4d02dnV4cBRhDVPt/iMLdmvTDH3c4jA+CmyXlwXt1KvlVIRO7VDsZQ7vXt37ymnUCT90ouPd Rm9/ca030Bv0FjVRiPZQD31FR+gEUQToJ/qFftei2nntokbm0Adri5jXaEVqP/4Bu02MFg==</latexit>
Luttinger liquids
` ⇠
Se↵ = S0 + Sint + Spert
S0 =
Z
dt dx  †I i(@t + vI@x) I , v1, . . . , vN > 0, vN+1, . . . , v2N < 0
v1, . . . , vN > 0
vN+1, . . . , v2N < 0
Sint =
Z
dt dx UIJ⇢I⇢J , ⇢I =  
†
I I , U = U
T
⇢I =  
†
↵,I ↵,I
U =

URR URL
(URL)T ULL
 
  =
 R +  L
2
✓ =
 R    L
2
 (x) = ⇡⇢0x   l(x)
⇢(x) ⇠ ⇢0   1
⇡
@x (x)
Xe i↵P = e i↵P (X + ↵)
e i
R x
 1 dx
0@✓(x0) / e i✓(x)
=)  †(x) /   ei(± (x) ✓(x))
1
FIG. 1. Top: Schematic layout of the system under study: a Josephson
junction (shaded yellow) formed by a semiconducting wire (yellow)
promiximitized by an s-wave superconductor (blue). Upon applying
a parallel magnetic field, Majorana zero modes may form (red dots)
and couple (red dashed line) at the junction. Bottom: Bandstructure
of a single-subband Rashba wire with an applied magnetic field. If
the Fermi level is placed in the middle of the Zeeman gap (dashed
red line), the low-energy linearized theory consists of a pair of inner
modes and a pair of outer modes. Induced s-wave superconducting
pairing acts within each pair of modes, while scattering at the junction
couples inner and outer modes.
The manuscript is structured as follows. In Section II, we
introduce and motivate the model of a proximitized wire used
in the rest of the work. In Section III, we study the properties
of a perfectly transparent junction. We deal with scattering at
the junction in Section IV, paying particular attention to the
coupling it induces between the bound states and the continuum
in the topological phase. We conclude n Section V with a few
remarks about experiments and future directions of research.
Technical calculations are left as Appendices. Throughout the
work, we use units with h¯ = 1.
II. THE MODEL
We consider a Josephson junction in a proximitized
nanowire with strong Rashba spin-orbit coupling. The wire
is placed in a magnetic field parallel to its axis. We assume
that the orbital effect of the field can be neglected, and account
only for the Zeeman effect of the field. We also assume that
the junction is short, i.e., its length ` is much smaller than
the superconducting coherence length ξ (see Fig. 1 for an il-
lustration of the setup). To model this system, we start with
the mean-field many-body Hamiltonian, which takes the form
[2, 3]
Hˆ =
1
2
∫
dx Ψˆ†(x)H Ψˆ(x), (1)
where Ψˆ = (ψˆ↑, ψˆ↓, ψˆ
†
↓,−ψˆ†↑)T , ψˆσ is the annihilation opera-
tor of an electron with spin σ = ↑ or ↓, and the Bogoliubov-de
3Gennes (BdG) Hamiltonian is given by
H =
[
− ∂
2
x
2m
− iα∂x σz − µ+ V (x)
]
τz −B σx + ∆(x) τx.
(2)
Here σi and τi are Pauli matrices in spin and Nambu space, re-
spectively; m is the effective mass, α is the spin-orbit coupling
constant, µ is the chemical potential, B is the Zeeman energy
(without loss of generality we take B ≥ 0), and ∆(x) is the
proximity-induced superconducting order parameter:
∆(x) = ∆ ei(φ/2) sgn(x) τz , (3)
where φ is the phase difference across the junction. The po-
tential V (x) accounts for a barrier that scatters electrons at the
junction. Instead of specifying a particular functional form
for V (x), we will, in the following, account for its effect
by imposing suitable boundary conditions at x = 0; these
boundary conditions will be formulated directly in terms of
the mesoscopic scattering parameters (transmission probability
and scattering phases) of the junction in the normal state.
We study the evolution of the junction properties as the
Hamiltonian is tuned across the topological phase transition by
changing the magnetic field. In the model defined by Eq. (2),
the transition from the topologically trivial (B < Bc) to non-
trivial (B > Bc) phase happens at Bc = (∆2 + µ2)1/2 [3].
Throughout this work, we assume, for simplicity, that the chem-
ical potential is set at the optimal point µ = 0 where the critical
field is minimal, Bc = ∆.
Following Ref. [17], we further assume that the spin-orbit
coupling is strong, mα2  ∆, B. The latter condition implies
that the low-energy spectrum in the bulk of the nanowire con-
sists of well-separated modes in the vicinity of the Fermi points
k = kin = 0 (the inner modes) and k = ±kout = ±2mα
(the outer modes). On the technical level, the condition
mα2  ∆, B allows us to invoke the Andreev approxima-
tion and to expand the field operator Ψˆ into helical components
involving modes close to the momenta kin and ±kout [17, 18]:
Ψˆ(x) = e−imαx(1+σz)ΨˆL(x) + eimαx(1−σz)ΨˆR(x). (4)
Here ΨˆL and ΨˆR denote left- and right-moving components of
the field, which both have Fermi velocity given by α. Then, by
inserting the decomposition (4) into Eq. (1) and averaging out
rapidly oscillating terms, we obtain a set of BdG equations for
the inner (Φi) and outer (Φo) mode wave functions at x 6= 0,
[−iα∂xτzσz −Bσx + ∆(x)τx]Φi(x) = EΦi(x), (5a)
[+iα∂xτzσz + ∆(x)τx]Φo(x) = EΦo(x). (5b)
Notice that the Zeeman energy drops out from the BdG equa-
tions for the outer modes. This is a consequence of a large
energy separation ∼ mα2  B between spin subbands in the
vicinity of k = ±kout = ±2mα.
As discussed above, Eqs. (5) should be supplemented by a
suitable boundary condition at x = 0. Within the Andreev ap-
proximation the boundary condition is completely determined
by the scattering matrix of the junction in the normal state
(∆ = B = 0). Under the assumption that the scattering is
spin-independent at ∆, B = 0, the most general boundary
condition is:
Φi(0
+) =
eiγσz√
D
[
Φi(0
−) + e−iδσz
√
1−DΦo(0−)
]
, (6a)
Φo(0
+) =
e−iγσz√
D
[
Φo(0
−) + eiδσz
√
1−DΦi(0−)
]
. (6b)
Here, D is the normal-state transmission probability, γ ∈
[−pi/2, pi/2] is the forward scattering phase in the normal state,
and δ is the reflection phase in the normal state for a particle
incoming from x = −∞. Notice that the reflection phase δ can
be eliminated from Eqs. (5), (6) by a unitary transformation
Φo → eiδσzΦo. Therefore, we suppress it in the following
discussions. The independence of the properties of the junction
on δ is a consequence of the mα2  B,∆ approximation,
in which the states in the outer modes are insensitive to the
magnetic field. Throughout this work, we assume that D and γ
are independent of energy up to the relevant scales |E| ∼ B,∆.
For future reference, we mention that in the particular case
of a (repulsive) delta function barrier, V (x) = κ δ(x), the
parameters D and γ are given by
D =
1
1 + (κ/α)2
, γ = − arctan
√
1−D
D
. (7)
However, in general, there is no rigid connection between D
and γ like the one provided by Eq. (7). We treat them as
independent parameters in what follows.
In the next section (Sec. III) we study the spectrum of the
junction and its thermodynamic properties (at T = 0) in the
limit of perfect transmission, D = 1 and γ = 0. Then in
Sec. IV we discuss the effects induced by scattering at the
junction, D < 1 and γ 6= 0.
III. SPECTRUM AND THERMODYNAMIC PROPERTIES
OF A TRANSPARENT JUNCTION
If D = 1, the inner and outer modes decouple from each
other, as follows from Eq. (6). This simplification allows us
to find a compact analytical solution of the BdG equations (5)
at γ = 0 via a standard wave function matching procedure.
The energy spectrum consists of a discrete part formed by
Andreev bound states localized at the junction and a continuous
part formed by extended states at energies above the gaps in
their respective modes. In the outer modes the gap equals ∆,
independent ofB, while in the inner modes the gap is |∆−B|;
it closes at the topological transition, B = ∆.
A. Bound states at perfect transmission
We start by considering the bound state in the outer modes.
In this case, the BdG equations are similar to those of a
proximitized helical edge in a quantum spin Hall state [7].
Eq. (5b) decouples for left-movers (σz = +1) and right-
movers (σz = −1). By matching the wavefunctions continu-
ously across the junction (as required by Eq. (6) with D = 1,
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FIG. 2. Evolution of the single-particle excitation spectrum of the junction with increasing Zeeman energy, in the limit of perfect transmission,
D = 1, γ = 0. Solid curves represent the discrete energy levels. Shaded regions mark the continuous spectrum. The latter consists only of
inner modes for E < ∆, and of both inner and outer modes for E ≥ ∆. In the trivial phase, B < ∆, there are bound states in the inner and
outer modes (black and blue curves in panel (a), respectively). At B = ∆ the gap in the inner modes closes and the corresponding bound state
vanishes, see panel (b). In the topological phase, B > ∆, only the outer-mode bound state remains [panel (c)]. As long as B < 2∆ the energy
of the bound state in the outer modes overlaps with the inner-mode continuum in some domain of phase φ.
γ = 0), we obtain the equations for the bound state energies in
the form Λo,σ(E, φ) = 0, where
Λo,σ(E, φ) = sin[ση(E)− φ/2], (8)
with eiη(E) = E/∆ + i
√
1− (E/∆)2 and σ = ±1 defining
the eigenvalue of σz . Eq. (8) results in the non-degenerate
bound state solution E = ±E0(φ) with
E0(φ) = ∆ cos(φ/2), (9)
independent of B.
For the inner modes, solving the BdG equations is more cum-
bersome due to the presence of the Zeeman term in Eq. (5a).
Bound states may appear at |E| < |∆−B|. The bound state
energy is a solution of the equation Λi(E, φ) = 0, with (see
Appendix A 1)
Λi(E, φ) = [(∆−B)2 − E2]1/2[(∆ +B)2 − E2]1/2
− (E2 + ∆2 −B2)F (φ). (10)
The phase dependence of this expression is encoded in the
function
F (φ) ≡ sin
2(φ/2)
cos2(φ/2) + 1
. (11)
The equation Λi(E, φ) = 0 admits solutions only in the
topologically trivial phase, B < ∆. Indeed, at B > ∆ and
|E| < |∆−B|, the quantity (E2 +∆2−B2) in the second line
of Eq. (10) is negative, and hence Λi(E, φ) > 0. The bound
state solution at B < ∆ has energy E = ±E1(φ) with
E1(φ) =
∆−√∆2 − (∆2 −B2)[1− F 2(φ)]
sgn[cos(φ/2)]
√
1− F 2(φ) . (12)
This expression has several notable features. First, E1(φ) =
E0(φ) at B = 0, i.e., the Andreev spectrum is two-fold de-
generate in the absence of the magnetic field. Second, E1(φ)
crosses zero at φ = pi, simultaneously with the energy of the
outer-mode bound state E0(φ). The presence of such a cross-
ing is a peculiarity of the perfect transmission limit, which is
not robust to the presence of backscattering. Third, the energy
|E1(φ)| is bounded by ∆−B, so its phase dispersion is sup-
pressed by the magnetic field, until the bound state merges with
the continuum at B = ∆, in concurrence with the topological
phase transition.
In the topological phase, B > ∆, the bound state is no
longer present in the inner modes; only the outer-mode bound
state, which can be considered as two fused Majorana modes,
remains at the junction. For B < 2∆ the energy of the latter,
E0, overlaps with the inner-mode continuum, intersecting its
edge at φ = pi ± φ0, where
φ0 = 2 arcsin
(
B −∆
∆
)
. (13)
This coexistence of a bound state with the continuous part of
the spectrum is another peculiarity of the perfect transmission
limit. The evolution of the Andreev spectrum upon increasing
Zeeman energy is shown in Fig. 2.
To conclude this section, we note that for B > 2∆ the gap
in the inner modes, B−∆, exceeds the gap in the outer modes,
∆. Consequently, the bound state energy E0 is separated from
the continuum at all phases (except at the points φ = 0, 2pi).
In this high-magnetic field topological regime, the low-energy
spectrum of the model becomes identical to that of the Fu-Kane
model of a proximitized quantum spin Hall edge. Then, on
a qualitative level the properties of the junction at B > 2∆
are similar to those described in Ref. [7]. In what follows we
concentrate instead on the vicinity of the topological transition,
B < 2∆.
5B. Continuum states at perfect transmission
The continuous part of the Andreev spectrum consists of
scattering states that appear at energies above the threshold
values |∆−B|, ∆, ∆ + B. The total density of continuum
states at energy E, ρ(E, φ), can be represented in the form
ρ(E, φ) = Lg(E) + δρ(E, φ). (14)
Here L is the system size, g(E) is the bulk density of states
per unit length, and δρ(E, φ) is the correction to the density of
states due to the presence of the junction. g(E) is given by a
sum of three BCS-like terms with gap parameters determined
by the threshold energies:
g(E) = g|∆−B|(E) + 2g∆(E) + g∆+B(E), (15)
where
gε(E) ≡ Θ(E − ε) E
pi
√
E2 − ε2 (16)
and Θ(x) is the Heaviside step function. The phase-dependent
contribution δρ(E, φ) can be recovered from the quasiparticle
scattering matrix of the junction, S(E, φ), via the relation
[19, 20]
δρ(E, φ) =
1
2pii
∂
∂E
ln detS(E, φ). (17)
We note that at finite φ the scattering matrix is non-trivial
even in the perfect transmission limit D = 1, γ = 0. For
|∆ − B| < E < ∆ the scattering states reside in the inner
modes only. In this case, the determinant of the scattering
matrix S ≡ Si is given by (see Appendix A 2 for details)
detSi(E, φ) =
[Λi(E, φ)]
?
Λi(E, φ)
, (18)
where ? denotes complex conjugation, and where the function
Λi, defined in Eq. (10), should be analytically continued from
the range |E| < |∆− B| into the interval E ∈ (|∆− B|,∆)
by taking [(∆−B)2 − E2]1/2 → −i[E2 − (∆−B)2]1/2.
For larger energies, E > ∆, there are scattering states
both in the inner and in the outer modes. Owing to per-
fect transmission, the scattering matrix is block-diagonal in
these subspaces. Therefore, its determinant is multiplicative,
detS = (detSi) · (detSo,+) · (detSo,−), where detSi is
given by Eq. (18) and detSo,σ by
detSo,σ(E, φ) =
[Λo,σ(E, φ)]
?
Λo,σ(E, φ)
. (19)
From Eq. (8) it follows that Λo,+ = (Λo,−)? at E > ∆. There-
fore, (detSo,+) · (detSo,−) = 1 and the outer-mode contin-
uum states do not contribute to δρ(E, φ). As a result, at all
energies E > |∆−B| the density of states correction is given
by δρ(E, φ) = (2pii)−1∂E ln detSi. Explicit calculation for
|∆−B| < E < ∆ +B yields
δρ =
∂
∂E
1
pi
arctan
(E2 + ∆2 −B2)F (φ)√
[E2 − (∆−B)2][(∆ +B)2 − E2] ,
(20)
where F (φ) is defined in Eq. (11). The function Λi(E, φ) is
real at E > ∆ +B [see Eq. (10)], thus detSi(E, φ) = 1 and
δρ(E, φ) = 0 in that energy domain.
At zero magnetic field, the phase-dependent correction
δρ(E, φ) vanishes at all energies above the continuum edge, a
well-known result for a short SNS junction with time-reversal
symmetry [16]. At nonzero magnetic field, on the other hand,
the correction is finite and it carries a signature of the topo-
logical phase transition, as will be discussed in more detail
below.
C. Thermodynamic properties of the transparent junction
The detailed description of the Andreev bound states and
continuum states in the nanowire junction setup, provided in
Secs. III A and III B, sets the stage for the discussion of thermo-
dynamic properties of the system. In this section we calculate
the ground state energy of the junction, Egs(φ) (Sec. III C 1),
and with its help establish the current-phase relation I(φ) of
the Josephson effect at T = 0 (Sec. III C 2). In view of the
periodicity of these properties, hereafter we constrain the phase
difference across the junction to the interval φ ∈ [−2pi, 2pi].
1. Ground state structure and many-body spectrum
We start by investigating the structure of the many-body
ground state of the system. To this end we express the many-
body Hamiltonian (1) in its eigenbasis:
Hˆ =
∑
b
Eb(φ)
(
nˆb− 12
)
+
∑
c
Ec(φ)
(
nˆc− 12
)
+ · · · . (21)
Here the sum in the first term runs over the bound states. In
the trivial phase, B < ∆, the index b = 0, 1, with E0(φ)
and E1(φ) given by Eqs. (9) and (12), respectively. In the
topological phase, B > ∆, a bound state is present in the
outer modes only and b = 0. nˆb are the occupation number
operators of the corresponding Dirac fermions. The sum in the
second term covers all continuum states with energies above
the gap, Ec > |∆ − B|; nˆc are the number operators for the
fermions in these states. Finally, the dots stand for a phase-
independent additive term in the energy.
To find the ground state energy Egs(φ) we minimize the
Hamiltonian (21) under the constraint of a fixed fermion parity.
Up to a phase-independent constant, Egs(φ) can be conve-
niently divided into two parts:
Egs(φ) = E
(1)
gs (φ) + E
(2)
gs (φ). (22)
The first part, E(1)gs (φ), incorporates the contributions to the
ground state energy from the bound states and from the term∑
cEcnˆc in the Hamiltonian (21). The second part, E
(2)
gs (φ),
is a residual contribution due to the quasiparticle continuum
arising from the c-number term − 12
∑
cEc. By introducing
the correction to the continuum density of states δρ(E, φ) (see
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FIG. 3. Evolution of the many-body spectrum with increasing Zeeman energy, in the limit of perfect transmission, D = 1, γ = 0. The panels
are in one-to-one correspondence with the panels of Fig. 2. Solid (dashed) curves represent many-body states with even (odd) fermion parity
belonging to the discrete spectrum. Shaded grey regions represent the continuous part of the spectrum, of either fermion parity. The solid
red curves denote the ground state energy in the even parity sector. Note that the phase dispersion of the ground state energy includes the
contribution coming from the continuous part of the BdG spectrum.
Sec. III B), we represent E(2)gs (φ) in the form
E(2)gs (φ) = −
1
2
∫ +∞
|∆−B|
dEE
[
δρ(E, φ)− δρ(E, 0+)] ,
(23)
where we added a constant shift to ensure that E(2)gs → 0 for
φ→ 0.
We begin the investigation of Egs(φ) by considering a junc-
tion in a topologically trivial state, B < ∆. For concreteness,
we focus on the even fermion parity sector. As a first step, we
establish the structure of the ground state in terms of occupa-
tion numbers at different phases φ. In the interval φ ∈ [−pi, pi]
neither of the bound states is occupied in the ground state.
At φ = ±pi the energies E0 and E1 of Eq. (21) simultane-
ously cross zero. Then, for larger phases φ ∈ (pi, 2pi] and
φ ∈ [−2pi,−pi) it is energetically favorable for two electrons
of a Cooper pair to occupy the two bound states. Such a redistri-
bution is allowed by fermion parity conservation and results in
2pi-periodicity of the thermodynamic properties of the system.
An explicit expression for E(1)gs at B < ∆ reads
E(1)gs (φ) =
1
2 (∆− |E0(φ)|) + 12 (∆−B − |E1(φ)|) , (24)
where the bound state energies E0,1 are given by Eqs. (9)
and (12). The absolute values in Eq. (24) are associated with
the changes in the occupation numbers of the bound states
at φ = ±pi. For convenience, we added a constant offset in
Eq. (24) such that E(1)gs (0) = 0.
Next, we discuss the continuum contribution to the ground
state energy, E(2)gs . It may be found by performing the inte-
gration in Eq. (23) with δρ(E, φ) given by Eq. (20). When
the magnetic field is tuned to the vicinity of the topological
phase transition, the integral can be evaluated analytically. For
∆−B  ∆, we find:
E(2)gs (φ) ≈
∆
2
[
1− 2
pi
arccosF (φ)√
1− F 2(φ)
]
+
F (φ)
2pi
(∆−B) ln ∆|∆−B| , (25)
with F (φ) defined in Eq. (11). Thus, there is critical behavior
in Egs close to the topological transition: when B approaches
∆, the ground state energy behaves non-analytically as a func-
tion of the difference (∆ − B); see the last term in Eq. (25).
In principle, such non-analytic behavior may be probed ex-
perimentally, for instance in the dependence of the Josephson
plasma frequency on the magnetic field, and may serve as an
additional signature of the topological phase transition.
In addition to the ground state energy, Eq. (21) contains
information about the spectrum of excited states. The many-
body spectrum of the transparent junction in the topologically
trivial phase is shown in Fig. 3(a). Notice that for B < ∆
there is always an energy gap between the ground state and the
quasiparticle continuum.
The structure of the ground state in the topological regime,
B > ∆, is radically different from that in the trivial state. At
B > ∆ there is only one Andreev bound state, which comes
from the outer modes. At small phase differences φ, this state
is not filled. When the phase reaches φ = ±pi the bound
state energy E0 crosses zero, but the level occupation cannot
change as that would violate fermion parity conservation. At
φ = ±(pi + φ0), where φ0 = 2 arcsin((B − ∆)/∆) [see
Eq. (13)], the outer-mode bound state crosses the edge of the
inner-mode continuum and, in terms of energy minimization, it
becomes profitable to simultaneously occupy the Andreev state
and a single quasiparticle state in the continuum. Therefore,
for φ ∈ (pi + φ0, 2pi] and φ ∈ [−2pi,−(pi + φ0)), there is
no gap in the many-body spectrum between the ground state
and the quasiparticle continuum, as depicted in Fig. 3(c). This
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FIG. 4. Evolution of the Josephson current I(φ) with increasing Zeeman energy in the limit of perfect transmission, D = 1, γ = 0 (solid black
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feature is in a sharp contrast to the case of the topologically
trivial junction, where a gap is present at all values of the phase
difference.
The structure of the ground state implies that in the topolog-
ical state E(1)gs is given by
E(1)gs (φ) =
∆
2
(
1− cos φ
2
)
+
[
∆ cos
φ
2
+ (B −∆)
]
Θ
(
cos
pi + φ0
2
− cos φ
2
)
. (26)
Here the second line describes the simultaneous occupation of
the Andreev bound state and a state at the edge of the contin-
uum, Ec = B −∆, occurring at φ = ±(pi + φ0). Expression
(26) is manifestly 4pi-periodic, which indicates the onset of
the fractional Josephson effect on the topological side of the
transition.
In contrast to E(1)gs (φ), the continuum contribution to the
ground state energy, E(2)gs , is 2pi-periodic even in the topolog-
ical phase [as follows from Eq. (20)]. Close to the transition
threshold, B −∆  ∆, E(2)gs is described by Eq. (25), simi-
larly to the case B < ∆. Therefore, the logarithmic behavior
in Eq. (25) is characteristic to both sides of the topological
transition.
2. Josephson current
Having discussed the ground state structure and Egs(φ) on
both sides of the topological transition, we proceed to the
evaluation of the Josephson current, I(φ). At zero temperature,
I(φ) is related to the ground state energy via
I(φ) = 2e
dEgs(φ)
dφ
, (27)
where e is the electron charge, and thus can be calculated at
arbitrary ratio B/∆ by employing the results of Sec. III C 1.
First, we compute I(φ) in the topologically trivial state,
B < ∆. An example of the current-phase relation obtained
from Eqs. (22–24) and (27) is presented in Fig. 4(a). A notable
feature of the resulting I(φ) is the presence of a discontinu-
ity. It occurs at φ = pi (and, similarly, at φ = −pi) and
originates from switching in the occupation numbers of the
Andreev bound states. In general, such stepwise behavior of
the Josephson current is common for short transparent junc-
tions. A peculiarity of the nanowire setup is the dependence of
the magnitude δI of the discontinuities on the magnetic field.
Using Eq. (24) we find that it is given by
δIB<∆ = e∆
(
1 +
∆2 −B2
∆2
)
. (28)
The first term on the right comes from the outer-mode bound
state and is independent of the Zeeman energy B. The sec-
ond term originates from the inner-mode bound state. At the
topological transition (B = ∆) it vanishes along with the
inner-mode bound state, and
δIB=∆ = e∆; (29)
see Fig. 4(b).
In the topological regime, B > ∆, the zero-temperature
Josephson current can be calculated from Eq. (27) by using
Eqs. (22), (23), and (26). A representative current-phase re-
lation for B > ∆ is shown in Fig. 4(c). In the topological
state, the discontinuities in the Josephson current occur at
φ = ±(pi + φ0) following the abrupt change in the ground
state structure. The displacement of the steps in I(φ) from
φ = ±pi is a manifestation of the 4pi-periodic Josephson effect.
The magnitude of the discontinuities is given by
δIB>∆ = e∆
√
1− (1−B/∆)2. (30)
8Close to the topological transition, B −∆ ∆,
φ0 ≈ 2(B −∆)/∆ 1, (31a)
δIB>∆ ≈ e∆. (31b)
Therefore, for |∆ − B|  ∆ the positions of the steps and
their magnitude differ only by small amounts on the two
sides of the transition. Consequently, in spite of the dramatic
change in the ground state wave-function, the Josephson cur-
rent I(φ) changes gradually across the topological phase tran-
sition. More generally, the 4pi-periodic Fourier harmonics in
thermodynamic quantities build up continuously at B > ∆,
departing from zero at B = ∆.
To conclude this section, we highlight an additional interest-
ing property of the Josephson effect in the presence of Zeeman
splitting. On both sides of the transition, there exists a nonzero,
2pi-periodic, contribution I(2)(φ) = 2e dE(2)gs /dφ that comes
from the continuum states. For B ∼ ∆ this contribution
is of the same order as the one coming from the Andreev
bound states. We note, however, that I(2)(φ) is smooth and
thus has no effect on the discontinuities in the current (see
pale dashed lines in Fig. 4). Close to the transition point,
|∆−B|  ∆, I(2)(φ) can be computed analytically by differ-
entiating Eq. (25) with respect to φ. This implies that I(φ) has
a logarithmic contribution ∝ (∆−B) ln(∆/|∆−B|).
IV. EFFECTS OF SCATTERING AT THE JUNCTION
In this section we discuss the influence of scattering on
spectral (Sec. IV A) and thermodynamic (Sec. IV B) proper-
ties of the junction, focusing primarily on the case of weak
backscattering. The backscattering couples inner and outer
modes, modifying the structure of the Andreev states below
the gap (Secs. IV A 1, IV A 2) as well as of the states above
the continuum edge (Sec. IV A 3). However, unlike the normal
state (zero-field) conductance, which is solely determined by
the backscattering strength, 1−D, the spectrum of the junction
is also sensitive to the forward scattering phase γ. Such sensi-
tivity is especially prominent in the topological regime. There,
even for weak backscattering, a large forward scattering phase
can have a dramatic qualitative impact on the Andreev levels
(see Fig. 6) and the Josephson current (see Fig. 8). Motivated
by this peculiarity, we also consider analytically the energy
spectrum at D = 1, γ 6= 0 in Appendix B.
A. Bound states and continuum states in the presence of
scattering
The boundary condition (6) indicates that, in contrast to the
case of the transparent junction, the inner and outer modes
cannot be considered separately at D < 1. In such a setting
it is convenient to further employ the scattering approach to
describe the spectrum of the system. A solution to the scatter-
ing problem yields scattering amplitudes which we arrange in
the S-matrix, S(E, φ). In virtue of unitarity, above the gap,
E > |∆−B|, the determinant of the scattering matrix can be
parameterized as
detS(E, φ) =
Λ?(E, φ)
Λ(E, φ)
. (32)
The structure of the function Λ(E, φ) in the complex energy
plane contains full information about the spectrum of the
Josephson junction. The branch cuts of Λ(E, φ) situated at
the real axis correspond to the states of the quasiparticle con-
tinuum with |E| > |∆ − B|. In this range, the scattering
induced correction to the continuum density of states δρ(E, φ)
can be found from Λ(E, φ) through Eqs. (17) and (32). Zeros
of Λ(E, φ) on the real axis within the interval |E| < |∆−B|
correspond to the energies of bound states, i.e., the latter can
be found from
Λ(E, φ) = 0, |E| < |∆−B|. (33)
To determine Λ(E, φ) we solve the BdG equations (5) with
boundary condition (6) and calculate the S-matrix. The result-
ing expression for Λ(E, φ), valid at arbitrary backscattering
strength 1−D and for any forward scattering phase γ, is ex-
plicitly presented in Appendix C [see Eq. (C14)]. With its
help the energies of the bound states and δρ(E, φ) can be de-
termined numerically at any value of B/∆ using Eqs. (17),
(32), and (33). An example of such a numerical solution for
moderately small 1−D and γ is presented in Fig. 5. The figure
reveals a set of interesting features of the spectrum introduced
by scattering at the junction, which we discuss below. First, we
concentrate on subgap energies, |E| < |∆−B|. We study the
behavior of the Andreev levels on the trivial and topological
sides of the transition in Secs. IV A 1 and IV A 2, respectively.
Then, in Sec. IV A 3 we consider the effects of scattering on
the spectrum above the continuum edge, |E| > |∆−B|.
1. Bound states in the presence of scattering in the trivial phase,
B < ∆
In the topologically trivial phase, B < ∆, the inner and
outer-mode bound states are hybridized by the scattering. The
degenerate zero-energy crossing which was present for the
transparent junction at φ = pi splits and gets pushed away from
E = 0 at D < 1, γ 6= 0 [cf. Fig. 5(a) and Fig. 2(a)].
The hybridization of the bound states near φ = pi can be
addressed quantitatively in the limit
1−D  |∆−B|
∆
 1, |γ|  1, (34)
i.e., close to the topological transition threshold and for pertur-
batively weak scattering. In this limit, the general expression
for Λ(E, φ) [given by Eq. (C14)] can be substantially simpli-
fied at |E|  ∆− B and |φ− pi|  1 [see Eq. (D2)]. Then,
within the leading-order approximation, Eq. (33) yields bound
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FIG. 5. Evolution of the single-particle excitation spectrum of the junction with increasing Zeeman energy, in the presence of weak scattering.
This is the analog of Fig. 2 for nonzero backscattering. The scattering parameters used are D = 0.925, γ ≈ −0.09pi (the relation between the
parameters corresponds to the case of a delta function barrier, see Eq. (7)). Bound states are depicted with solid black curves below the gap. The
dashed curve in panel (c) shows the unperturbed bound state energy ±E0(φ). The inset in panel (c) is a close-up look at the vicinity of the
continuum edge near φ = 2pi; there, a shallow bound state with energy Escs (φ) is present below the continuum edge (the φ-axis of the inset is
to scale, the energy window is 2 · 10−3∆). A similar state is present symmetrically close to φ = 0. Above the gap, E > |∆−B|, the color
corresponds to the scattering-induced correction to the density of states, δρ(E, φ).
states with energies E = ±Esc0,1(φ) where
Esc0,1(φ) ≈ ±
E1(φ)− E0(φ)
2
+
1
2
√
[E1(φ) + E0(φ)]2 + 8∆(∆−B)(1−D).
(35)
Here E0(φ) and E1(φ) are given by Eqs. (9) and (12), respec-
tively. Eq. (35) indicates that at φ = pi the backscattering
pushes the bound state energies away from zero by an amount
δε ≈ √1−D
√
2∆(∆−B). (36)
Notice that Esc0,1(φ) reaches the minimum∼ (∆−B)
√
1−D
at points symmetrically shifted away from φ = pi by ∼√
1−D [see Fig. 5(a)]. This shift of the minimum is known
to occur for a junction with strong spin-orbit coupling even
at zero magnetic field, but only away from the short junction
limit [21–23].
We note that within the accuracy of Eq. (35) the levels
Esc0,1(φ) cross at pi. This is a peculiarity of the lowest-order
perturbative calculation. In a subleading order, |γ|  1 results
in an anticrossing between Esc0 (φ) and E
sc
1 (φ) near φ = pi
with a gap ∼ |γ| δε [see Fig. 5(a)]. Taking this anticrossing
into account we find the bound state energies
Esc± (φ) ≈
Esc0 (φ) + E
sc
1 (φ)
2
± 1
2
√
[Esc0 (φ)− Esc1 (φ)]2 + γ2δε2. (37)
2. Bound states in the presence of scattering in the topological
phase, B > ∆
On the topological side of the transition, B > ∆, the energy
of the outer-mode bound state crosses zero at φ = pi despite
the presence of scattering [see Fig. 5(c)]. The robustness of the
crossing is a consequence of fermion parity conservation [7].
A strong modification of the bound state energy arises only
when it approaches the edge of the continuum, driven by level
repulsion between the bound state and states of the spectral
continuum. As we will show in Sec. IV B, this modification is
important for thermodynamic properties of the junction.
To describe the repulsion of the outer-mode Andreev state
from the continuum analytically, we again concentrate on the
vicinity of the topological transition and assume that the scatter-
ing is perturbatively weak [Eq. (34)]. Then, the energy of the
bound state Esc0 (φ) can be obtained by solving Λ(E, φ) = 0
approximately in the limit B −∆ − |E|  B −∆ (see Ap-
pendix D 2). We find that the Andreev state merges with the
continuum, i.e., its energy Esc0 (φ) reaches |E| = B − ∆, at
φ = pi ± φsc0 with
φsc0 ≈ φ0 + 2(1−D), (38)
and φ0 defined in Eq. (13). For small deviations from this
point, 0 < (pi + φsc0 )− φ φ0, we obtain
Esc0 (φ) ≈ −(B −∆)
{
1− 1
2
∆2
(B −∆)2
×
[√
(1−D)2 + B−∆∆ (pi + φsc0 − φ)− (1−D)
]2}
.
(39)
Expression (39) verifies that the bound state energy is almost
unperturbed far from the continuum: Esc0 (φ) ≈ E0(φ) at
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(pi + φsc0 ) − φ  (1 −D)2∆/(B −∆). Conversely, at (pi +
φsc0 )− φ (1−D)2∆/(B−∆) the level hybridization with
the continuum is effective, and Esc0 (φ) reaches the continuum
edge at φ = pi + φsc0 with a zero slope. Close to φ = pi − φsc0
the behavior of Esc0 (φ) can be obtained from Eq. (39) via
Esc0 (φ) = −Esc0 (2pi − φ) [see Fig. 5(c)]. Finally, we note that
a small forward scattering phase |γ|  1 results in a slight
modification of the numeric prefactors in front of 1 − D in
Eqs. (38), (39) (see Appendix D 2). Such a modification is
suppressed in these expressions.
Another interesting feature of the Andreev spectrum at B >
∆ is that weak scattering induces shallow bound states at φ = 0
and 2pi [see inset in Fig. 5(c)]. These states merge with the
edge of the continuum at a finite deviation φs of phase φ from
0, 2pi.
To quantify how these states peel off from the continuum,
we compute Λ(E, φ) for B − ∆ − |E|  B − ∆ in the
limits φ 1 and 2pi − φ 1 (see Appendix D 3) under the
assumption of weak scattering, 1 − D  1, |γ|  1. Then,
through Eq. (33) we show that the shallow bound states are
present for φ ∈ [0, φs) and φ ∈ (2pi − φs, 2pi], where
φs ≈ 2
√
1−D + γ2. (40)
At φ ∈ [0, φs), we find the energy of the shallow state E =
±Escs (φ) with
Escs (φ) ≈ (B −∆)
(
1− 1
128
[
φ2s − φ2
]2)
. (41)
Near φ = 2pi the energy of the shallow bound state satisfies
E = ±Escs (2pi − φ).
The shallow bound states are remarkably sensitive to the
forward scattering phase γ. As one can see from Eq. (40), they
appear in the energy spectrum even in the sole presence of for-
ward scattering (D = 1, γ 6= 0). This case, for arbitrary γ, is
considered in Appendix B. In addition to detailed calculations,
we provide there a qualitative explanation of the shallow states’
origin.
The domain of φ containing shallow states broadens with
the increase of |γ|, as indicated by Eq. (40). When γ gets
sufficiently close to ±pi/2, the shallow states hybridize with
the outer-mode bound state due to weak backscattering (near
the transition, B − ∆  ∆, this requires |γ ± pi/2| ∼√
(B −∆)/∆, see Appendix B). As a result of the hybridiza-
tion, an energy level is formed that is separated from the con-
tinuum at all phase differences, see Fig. 6. We note that such
a strong dependence of the Andreev spectrum on the forward
scattering phase is in sharp contrast to the normal state conduc-
tance of the junction; the latter is independent of the forward
scattering phase and is determined only by the transmission
probability D.
3. Spectrum at |E| > |∆−B| in the presence of scattering
Next, we discuss the influence of scattering on the structure
of the spectrum above the continuum edge.
0 pi 2pi
φ
0
1/4
1/2
E
/
∆
B/∆ = 1.25, γ = 0.3pi
FIG. 6. Single-particle excitation spectrum of the junction in the pres-
ence of a large forward scattering phase (γ = 0.3pi) in the topological
regime, B = 1.25∆. In the limit D = 1, two distinct shallow bound
states are present near φ = 0, 2pi (dashed blue curves). They peel off
from the continuum due to γ 6= 0. At D < 1 these states hybridize
with the outer-mode bound state (dashed gray curve), resulting in an
energy level that is separated from the continuum at all φ (solid black
curve, D = 0.925). The spectrum is markedly different from that at
|γ|  1, cf. Fig. 5(c). Note that the scattering-induced correction to
the density of states above the gap is not shown here.
In Sec. III A we observed that, in the transparent junction
limit, the Andreev state in the outer modes coexists with the
inner-mode continuum at |E| > |∆ − B|, see Fig. 2(a)-(c).
This coexistence is disrupted by weak backscattering: atD < 1
the outer-mode state hybridizes with the continuum states and
broadens into a narrow resonance. The broadening is seen in
Fig. 5 as a peak in the density of states δρ(E, φ) within the
energy interval E ∈ (|∆−B|,∆).
Precisely at the transition, B = ∆, the bound state is broad-
ened at all phase differences [see Fig. 5(b)]. In this case,
the broadening can be concisely addressed analytically. The
shape of the associated resonance in the density of states can
be determined by computing Λ(E, φ) via Eqs. (17) and (32).
Assuming that 1 − D  1, |γ|  1, 0 < E  ∆, and
|φ− pi|  1, we find
Λ(E, φ) = 2iE
(
[E + i∆(1−D)]2 − E20(φ)
)
. (42)
Then, for the corresponding contribution to the density of states
we get
δρ(E, φ) =
1
pi
∑
s=±1
Γ
(E + sE0(φ))2 + Γ2
, (43)
where Γ ≈ (1−D)∆. This implies that δρ is a superposition of
two Lorentzian peaks with width∼ ∆(1−D) centered around
E = ±E0(φ). In the subleading order, a small forward scat-
tering phase, |γ|  1, changes the prefactor in the expression
for the width of the peaks, Γ ≈ ∆(1 − D)(1 + γ2). How-
ever, it does not alter δρ qualitatively: the broadening of the
bound state into a resonance relies on a coupling between inner
and outer modes, which is provided by D < 1. We note that
expressions (42), (43) are equally applicable away from the
transition at |∆−B|  ∆, for energies |∆−B|  E  ∆.
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B. Thermodynamic properties in the presence of scattering
In this section we discuss how scattering affects the thermo-
dynamic properties of the junction. We focus on the ground
state energy Egs(φ) (Sec. IV B 1) and Josephson current I(φ)
(Sec. IV B 2) in the even fermion parity sector on the two sides
of the topological transition.
1. Ground state energy and many-body spectrum
We begin by studying the influence of scattering on Egs(φ)
and on the many-body excitation energies of the junction. In
the trivial regime, B < ∆, the ground state at D < 1 is
separated from the excitations by a gap at all phase differences.
The effects of the scattering on the many-body spectrum are
more intricate in the topological regime, B > ∆. There,
weak scattering does not destroy the phase domain (previously
identified at D = 1, γ = 0) where the gap between the ground
state and the excited states is absent, see Fig. 7(a). However,
this domain shrinks in the presence of scattering. On the
one hand, close to φ = ±2pi the shallow bound states peel
off from the continuum and a small gap ∝ (B − ∆)(1 −
D + γ2)2 opens within |φ| ∈ (2pi − φs, 2pi]. On the other
hand, backscattering shifts the points at which Egs reaches
the quasiparticle continuum from φ = ±(pi + φ0) to φ =
±(pi + φsc0 ), where φsc0 > φ0 [see Eq. (38)]. Overall, due to
scattering the gapless domain spans the phase interval |φ| ∈
(pi + φsc0 , 2pi − φs), instead of |φ| ∈ (pi + φ0, 2pi] at D = 1,
γ = 0.
This gapless domain might vanish completely if the scatter-
ing is sufficiently strong. In particular, at large forward scat-
tering phase close to ±pi/2 the shallow bound states strongly
hybridize with the outer-mode bound state, as discussed in
Sec. IV A 2. As a result, the excitation spectrum is gapped at
all phases [see Fig. 7(b)].
2. Josephson current
The Josephson current I(φ) can be obtained from Egs(φ)
through Eq. (27) (see Appendix E 1). Numerically computed
examples of I(φ) at weak scattering, 1 − D, |γ|  1, are
presented in Fig. 8. The plots highlight that scattering smears
the discontinuities in I(φ) which were previously revealed at
D = 1, γ = 0 (pale curves in Fig. 8). This smearing happens
differently on the trivial and topological sides of the transition.
In the trivial phase, B < ∆, the discontinuity at φ = pi
smears symmetrically in φ [see Fig. 8(a)]. The smearing can
be captured analytically in the vicinity of the topological tran-
sition, for perturbatively weak scattering [Eq. (34)]. By using
Eq. (37) for |φ− pi|  1 we find
I(φ) ≈ e∆
2
(pi − φ)√
(pi − φ)2 + 32(∆−B)(1−D)/∆ . (44)
Here we neglected a small contribution of the continuum states
to I(φ), as it weakly alters the result close to φ = pi (see Ap-
pendix E 2 a for details). Eq. (44) indicates that the Josephson
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FIG. 7. The influence of weak scattering on the ground state energy
and many-body spectrum in the topological regime, B = 1.25∆.
Solid (dashed) curves represent many-body states with even (odd)
fermion parity belonging to the discrete spectrum. Shaded grey re-
gions represent the continuous part of the spectrum, of either fermion
parity. The solid red curves denote the ground state energy in the even
parity sector. At weak scattering [D = 0.925, γ ≈ −0.09pi, panel
(a)] there exists a phase region φ ∈ (pi + φsc0 , 2pi − φs) where the
energy gap between the ground state and the excited states is absent.
For a larger forward scattering phase [D = 0.925, γ = 0.3pi, panel
(b)] the gap is present at all phases φ.
current interpolates between +e∆/2 and −e∆/2 gradually
over the phase interval
δφB<∆ ∼
(
∆−B
∆
)1/2
(1−D)1/2. (45)
The scaling of the smearing, δφ ∝ √1−D, is similar to the
case of a regular short SNS junction [16]. We remark that
the smearing relies on the presence of backscattering, whereas
|γ|  1 merely gives a subleading correction to the numeric
prefactors in front of 1−D in Eqs. (44), (45); such corrections
are omitted there.
Next, we discuss how scattering smears the discontinuity in
I(φ) in the regime of the 4pi-periodic Josephson effect, B > ∆
[Fig. 8(c)]. The smearing can again be captured analytically in
the vicinity of the transition for perturbatively weak scattering
[Eq. (34)]. By using Eq. (39) for |pi + φsc0 − φ|  1 we find
(see Appendix E 2 b for details)
I(φ) ≈ e∆
[
1− 1√
1 + B−∆∆(1−D)2 (pi + φ
sc
0 − φ)
]
×Θ(pi + φsc0 − φ)−
e∆
2
. (46)
Backscattering replaces the discontinuity in the Josephson
current at φ = pi + φ0 by a kink at φ = pi + φsc0 . The resulting
function I(φ) does not have a symmetry around φ = pi + φ0.
The overall smearing of the discontinuity occurs within the
interval
δφB>∆ ∼ ∆
B −∆(1−D)
2. (47)
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FIG. 8. The influence of weak scattering on the Josephson current I(φ). Solid black curves depict I(φ) at D = 0.925, γ ≈ −0.09pi (the
relation between the parameters corresponds to the case of a delta function barrier, see Eq. (7)). Solid grey curves are provided for reference and
correspond to I(φ) for the transparent junction (D = 1, γ = 0; cf. Fig. 4). The discontinuities present in I(φ) for the transparent junction
get smeared by D < 1 in accordance with Eqs. (45), (47), and (49). In the trivial regime [B < ∆, panel (a)] and at the transition threshold
[B = ∆, panel (b)] the jump smears symmetrically. In the topological regime [B > ∆, panel (c)] the jump, displaced from φ = pi, smears
asymmetrically and turns into a kink at φ = pi + φsc0 .
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FIG. 9. The influence of a large forward scattering phase γ on the
Josephson current I(φ) in the topological regime, B = 1.25∆. The
solid black curve depicts I(φ) at γ = 0.3pi and D = 0.925. It is
a smooth 4pi-periodic function of φ; the kink which was present in
I(φ) at smaller γ [dashed gray curve, γ ≈ −0.09pi as in Fig. 8(c)]
is smeared out. The dotted curve corresponds to the dependence
I(φ) ∼ sin(φ/2) characteristic of the 4pi-periodic Josephson effect
deep in the topological phase. The inset is a close-up look at how the
kink in I(φ) is smeared out by sufficiently large γ.
Comparing Eq. (47) with Eq. (45), we see that the step in the
Josephson current becomes sharper upon the transition to the
topological phase, see Fig. 8. This happens due to the differ-
ence in the underlying physical mechanisms of the smearing.
In the trivial state the jump is smeared due to coupling between
the bound states, whereas in the topological state the smear-
ing is due to hybridization between the bound state and the
continuum.
At small backscattering, the kink in I(φ) persists for almost
all values of γ. It may vanish only at γ close to±pi/2, when the
shallow bound states merge with the outer-mode bound state
and the many-body excitation spectrum becomes gapped at all
phases [see Figs. 6 and 7(b)]. Then, the Josephson current turns
into a smooth function of φ with 4pi-periodicity, see Fig. 9.
Finally, it is illuminating to consider how weak scattering
influences the Josephson current at the topological transition
threshold, B = ∆. At this point, there are no bound states in
the system; only the broadened resonances are present. Thus,
the behavior of the ground state energy and Josephson current
is fully determined by the contribution from the continuum
states. In particular, the smearing of the discontinuity in I(φ)
[see Fig. 8(b)] can be studied with the help of Eq. (43) in the
weak scattering limit, 1−D  1, |γ|  1. For |φ− pi|  1
we obtain the current step
I(φ) ≈ e∆
pi
arctan
pi − φ
2(1−D) , (48)
smeared on the scale
δφB=∆ ∼ 1−D. (49)
This intermediate scale matches both with Eq. (45) and Eq. (47)
that describe the step width at the two sides of the transition,
in its vicinity |∆−B|/∆ ∼ 1−D.
V. SUMMARY AND CONCLUSIONS
The Josephson effect is one of the most important probes
of a superconductor since it directly measures the order pa-
rameter. It can also be used to distinguish topological su-
perconductors from conventional ones, but the distinction
is smeared by fluctuations of the junction’s fermion parity
caused by unpaired fermions in the bulk, such as those in-
duced by disorder, quasiparticle poisoning, or finite length of
the wire. In this paper, we have shown that, even in the ab-
sence of such fermion parity fluctuations, the behavior of a
highly-transparent Josephson junction is quite subtle near the
magnetic-field-driven topological transition in a proximitized
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semiconducting nanowire. A qualitative distinction remains
between the topological (B > Bc, where Bc = ∆ in our
model) and non-topological (B < Bc) phases: the ground
state energy and the Josephson current, I(φ), are 2pi-periodic
in the latter case and 4pi-periodic in the former. However, the
4pi-periodicity of the Josephson current just above the transi-
tion emerges as a shift of the zero-crossing in I(φ) away from
φ = pi by a small amount ∝ (B − Bc)/Bc. Consequently,
the 4pi-periodic component of I(φ) develops gradually on the
background of a larger 2pi-periodic component as the Zeeman
energy B is increased past Bc. For a multi-channel junction,
the 4pi-periodic component of the Josephson current will be
accompanied by an even larger 2pi-periodic component due
to the non-topological bands in the wire, further masking the
topological phase in the vicinity of the transition.
Nevertheless, there is an unusual and robust signature of
the topological transition in a nanowire Josephson junction
at high transmission. In the topological state, the excitation
spectrum (within a fixed parity sector) is gapless over a range
of phase differences, |φ| > pi + φsc0 . This feature survives
in the presence of weak scattering. The gaplessness arises
because, in that range of φ, the bulk gap is smaller than the
coupling between the two Majorana modes at the junction.
Consequently, the system lowers its energy by changing the
fermion parity of the coupled Majorana modes (relative to their
parity at |φ| < pi + φsc0 ) and creating an above-gap fermionic
excitation. An additional even number of channels cannot
change this conclusion: it is possible to flip the parities of
channels in pairs, but there will always be one channel left over
that cannot change its parity to minimize the energy without
creating an above-gap excitation.
The gaplessness has observable implications for the Joseph-
son current. It leads to kinks in the current-phase relation at
the boundaries of the gapless domains, φ = ±(pi + φsc0 ). The
presence of kinks in the topological phase is in contrast to the
smooth I(φ) dependence in the non-topological regime.
Finally, consistent with the notion of a phase transition,
the ground state energy and critical current are non-analytic
functions of (B − Bc); we find a non-analytic contribution
∝ (Bc −B) ln
(
Bc/|Bc −B|
)
to I(φ).
Some signatures of the 4pi-periodic Josephson effect have so
far been reported in dynamic properties of the junction, such as
Shapiro steps [24] or the microwave emission spectrum [25].
However, the results in this paper show that a large 2pi-periodic
component is expected above but near the topological phase
transition even for a single-channel junction. This further
complicates the interpretation of these experiments, which is
already non-trivial due to quasiparticle poisoning. We hope
that our work will encourage further experimental activity
aimed at detecting the critical point itself, in conjunction
with the onset of Majorana signatures [26–29]. Motivated by
recent and exciting progress in the microwave spectroscopy of
Andreev bound states [23, 30–33], we will further investigate
the signatures of the transition on the microwave absorption
spectrum [34, 35] in an upcoming work. Finally, the extension
of the above findings to the case of finite voltage or current
bias is another interesting direction for future research.
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Appendix A: Spectrum of inner modes at zero backscattering,D = 1
In this Appendix, we describe in detail the solution of the linearized BdG problem defined by Eqs. (5) and (6), for the case of
zero backscattering, D = 1. This leads to the results presented in Sec. III of the main text. It also leads to the generalization
of those results—to the case of purely forward scattering—described in Appendix B. When D = 1 the inner and outer modes
decouple from each other and can be analyzed independently for any value of γ, as follows from Eq. (6). Thus, in this Appendix
we will fix the transmission probability D = 1 but leave the forward scattering phase γ arbitrary.
The BdG problem for the inner modes is defined by Eqs. (5a) and (6a) with D = 1. It reduces to the problem for the outer
modes [Eqs. (5b) and (6b) with D = 1] upon taking B → 0 and conjugating with σx. Therefore we restrict attention to the inner
modes in the following.
It is convenient to remove the superconducting phase difference φ from the BdG equation (5a) and have it appear in the
boundary condition (6a) instead. This is accomplished by the unitary gauge transformation
Φ(x)→ ei(φ/4) sgn(x)τzΦ(x). (A1)
The transformed BdG equation and boundary condition (at D = 1) for the inner modes are then[− iα∂xτzσz −Bσx + ∆τx]Φ(x) = EΦ(x) (A2)
and
Φ(0+) = e−i(φ/2)τzeiγσzΦ(0−). (A3)
Since we deal exclusively with the inner modes in this Appendix, we omit the subscript “i” on the wave function Φ. We solve
Eqs. (A2) and (A3) by a standard wavefunction matching procedure, detailed below.
First consider the auxiliary translation-invariant problem
H(−i∂x) Φ(x) = EΦ(x), (A4)
where
H(k) ≡ αkτzσz −Bσx + ∆τx. (A5)
For each fixed E, the space of vector-valued functions Φ(x) (in spin and Nambu space) that solve Eq. (A4) (with no boundary
conditions imposed at spatial infinity) is four-dimensional; the solutions are generalized plane waves of the form Φn(E)eikn(E)x,
with wavevectors kn(E) that are roots of the characteristic polynomial
det[E −H(k)] = [E2 − (αk)2 − (∆ +B)2][E2 − (αk)2 − (∆−B)2]. (A6)
The four roots are σkν(E), where σ, ν = ±1, and
kν(E) =
1
α
[E2 − (∆ + νB)2]1/2. (A7)
These are complex in general; by convention, the square root is to be taken so that kν(E) always lies in the upper-right quadrant
of the complex k-plane (Re k ≥ 0, Im k ≥ 0). The associated vectors Φσ,ν(E) solve
[E −H(σkν(E))]Φσ,ν(E) = 0. (A8)
They are given by
Φσ,+(E) =
1
2
√
i sin η+(E)

eiση+(E)/2
−e−iση+(E)/2
e−iση+(E)/2
−eiση+(E)/2
, Φσ,−(E) = 12√i sin η−(E)

eiση−(E)/2
sgn(∆−B) e−iση−(E)/2
sgn(∆−B) e−iση−(E)/2
eiση−(E)/2
, (A9)
where
eiην(E) =
E + αkν(E)
|∆ + νB| . (A10)
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We choose branches so that ην(E) is a continuous function of E that approaches −i∞ as E → +∞. Thus, ην(E) is purely
imaginary for E > |∆ + νB|, and real for |E| < |∆ + νB|.
The normalization factors 12 (i sin ην(E))
−1/2 in Eq. (A9) are fixed by requiring that the associated plane waves carry unit
probability current jP ≡ Φ†(τzσz)Φ at energies E > |∆ + νB| (where these modes are propagating). This is necessary to obtain
a unitary scattering matrix.
Any function Φ(x;E) that satisfies Eq. (A2) can be expressed as a linear combination of the generalized plane waves at that
energy E, as follows:
Φ(x;E) =
{
a−,ν Φ−,ν(E)e−ikν(E)x + b+,ν Φ+,ν(E)e+ikν(E)x, x > 0,
a+,ν Φ+,ν(E)e
+ikν(E)x + b−,ν Φ−,ν(E)e−ikν(E)x, x < 0,
(A11)
where a summation over ν = ± is implicit, and kν(E), Φσ,ν(E) are given in Eqs. (A7), (A9) respectively. When the wavevectors
are real, the coefficients aσ,ν (bσ,ν) multiply incoming (outgoing) plane waves. When the wavevectors are imaginary, aσ,ν (bσ,ν)
multiply the generalized plane waves that grow (decay) exponentially at infinity.
The boundary condition at x = 0, Eq. (A3), then yields a linear system of equations to be satisfied by the coefficients:
Ωa(E, φ, γ)~a = Ωb(E, φ, γ)~b, (A12)
where
~a = (a++, a+−, a−+, a−−)T , (A13a)
~b = (b−+, b−−, b++, b+−)T , (A13b)
and Ωa,Ωb are 4× 4 matrices, given by
Ωa(E, φ, γ) =
[
e−i(φ/2)τzeiγσzΦ+,+(E), e−i(φ/2)τzeiγσzΦ+,−(E), −Φ−,+(E), −Φ−,−(E)
]
, (A14a)
Ωb(E, φ, γ) =
[−e−i(φ/2)τzeiγσzΦ−,+(E), −e−i(φ/2)τzeiγσzΦ−,−(E), Φ+,+(E), Φ+,−(E)]. (A14b)
Here, [Φ,Ψ, · · · ] denotes the matrix whose first column is Φ, second column Ψ, and so on. The wavefunction Φ(x;E) in
Eq. (A11) represents a valid solution of the linearized inner-mode BdG problem if and only if (i) the coefficients aσ,ν , bσ,ν satisfy
Eq. (A12), and (ii) Φ(x;E) satisfies appropriate conditions at x = ±∞.
1. Bound states
We first consider states belonging to the discrete spectrum (bound states). As usual, these correspond to normalizable
wavefunctions Φ(x). Normalizability requires that the wavevectors σkν(E) appearing in the expansion (A11) all have positive
(negative) imaginary part for x > 0 (x < 0). It follows immediately that bound states cannot exist at energies |E| > |∆ +B|,
since then kν(E) is real according to Eq. (A7).
In the energy range |∆−B| < |E| < |∆ +B|, k−(E) is real and k+(E) is imaginary (with Im k > 0). A bound state with
energy in this range would therefore have the form
Φ(x;E, φ, γ) =
{
b+,+(E, φ, γ) Φ+,+(E)e
+ik+(E)x, x > 0,
b−,+(E, φ, γ) Φ−,+(E)e−ik−(E)x, x < 0.
(A15)
However, it is easy to verify, using Eq. (A9), that this only satisfes Eq. (A3) when b+,+ = b−,+ = 0 (in which case the
wavefunction vanishes identically).
Thus, bound states can exist only at energies |E| < |∆−B|. In this energy range, both k+(E) and k−(E) are imaginary (with
Im k > 0), so the bound state wavefunction has the form (A11) with aσ,ν ≡ 0. The bσ,ν coefficients must still satisfy Eq. (A12),
which now reduces to:
0 = Ωb(E, φ, γ)~b. (A16)
This equation has a nontrivial solution for~b (and hence a bound state exists at the givenE and φ) if and only if det Ωb(E, φ, γ) = 0.
Explicit calculation using Eqs. (A9) and (A14b) yields
det Ωb(E, φ, γ) = − 1
2 sin η+ sin η−
(
[cos2(φ/2) + cos2γ] sgn(∆−B) sin η+ sin η−
− [sin2(φ/2) + sin2γ] sgn(∆−B) cos η+ cos η− − [sin2(φ/2)− sin2γ]
)
. (A17)
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We now define
Λi(E, φ, γ) = −2 sin η+ sin η− (∆ +B)(∆−B)
[cos2(φ/2) + cos2γ]
det Ωb(E, φ, γ). (A18)
For B 6= ∆, it is clear that det Ωb(E, φ, γ) = 0 if and only if Λi(E, φ, γ) = 0. From Eq. (A10), we have
|∆ + νB| cos ην(E) = E, (A19a)
|∆ + νB| sin ην(E) = −iαkν(E), (A19b)
Using these with Eq. (A17) in Eq. (A18), we obtain
Λi(E, φ, γ) = −αk+(E)αk−(E)− F (φ)[1 +G(φ, γ)](E2 + ∆2 −B2)−G(φ, γ) (E2 −∆2 +B2). (A20)
with
F (φ) ≡ sin
2(φ/2)
cos2(φ/2) + 1
, (A21a)
G(φ, γ) ≡ sin
2γ
cos2(φ/2) + cos2γ
. (A21b)
Thus, the inner-mode bound state energy is a solution of the equation Λi = 0, as stated in the main text. Since αkν(E) =
i[(∆ + νB)2 − E2]1/2 for |E| < |∆ + νB|, Eq. (A20) reduces to Eq. (10) in the limit γ → 0. For general γ 6= 0, the bound
state solutions of Λi(E, φ, γ) = 0 are analyzed in detail in Appendix B.
2. Scattering states
We next consider states belonging to the continuous spectrum (scattering states). For any values of E, φ, γ such that
det Ωb(E, φ, γ) 6= 0, we may solve Eq. (A12) to express~b as a linear function of ~a:
~b = [Ωb(E, φ, γ)]
−1 Ωa(E, φ, γ)~a. (A22)
The scattering states are then given by Eq. (A11). In order for the wavefunctions to remain finite as x→ ±∞, the coefficient
aσ,ν(E) must vanish unless the corresponding wavevector kν(E) is real. This condition fixes the number of linearly independent
scattering states in the inner-mode continuum at energy E.
At energies E > ∆ +B, all waves are propagating (the wavevectors kν(E) are both real). Thus, the inner-mode scattering
matrix at these energies is the 4× 4 matrix:
Si(E, φ, γ) = [Ωb(E, φ, γ)]
−1 Ωa(E, φ, γ). (A23)
Explcit calculation shows that det Ωa(E, φ, γ) = det Ωb(E, φ, γ). Therefore,
detSi(E, φ, γ) = 1, E > ∆ +B. (A24)
At energies in the range |∆−B| < E < ∆ + B, only the “ν = −” waves are propagating (the wavevector k−(E) is real,
but k+(E) is imaginary). Thus, the inner-mode scattering matrix at these energies is a 2 × 2 matrix relating (b+−, b−−)T to
(a+−, a−−)T . It may be obtained as the appropriate sub-block of the S matrix in Eq. (A23) (analytically continued below the
threshold E = ∆ +B by letting αk+(E)→ i[(∆ +B)2 − E2]1/2). In this case, the determinant of Si is given by
detSi(E, φ, γ) =
−αk−(E)αk+(E) + F (φ)[1 +G(φ, γ)] (E2 + ∆2 −B2) +G(φ, γ) (E2 −∆2 +B2)
+αk−(E)αk+(E) + F (φ)[1 +G(φ, γ)] (E2 + ∆2 −B2) +G(φ, γ) (E2 −∆2 +B2) , (A25)
where F and G are the functions defined in Eq. (A21). Since k−(E) is real and k+(E) is imaginary, this can be rewritten as
detSi(E, φ, γ) =
[Λi(E, φ, γ)]
?
Λi(E, φ, γ)
, (A26)
where Λi(E, φ, γ) is given in Eq. (A20), and ? denotes complex conjugation. This reduces to Eq. (18) in the limit γ → 0. For
general γ 6= 0, the scattering-induced contribution to the continuum density of states, δρ(E, φ, γ) = (2pii)−1∂E ln detSi(E, φ, γ),
is analyzed in Appendix B.
Finally, at energies E < |∆−B|, there are no propagating waves (the wavevectors kν(E) are both imaginary), and so the
inner-mode scattering matrix is not defined.
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Appendix B: Spectrum of the junction with purely forward
scattering (D = 1 but γ 6= 0)
In Secs. III A and III B of the main text, we presented a
detailed description of the Andreev spectrum in the nanowire
junction setup in the absence of scattering (D = 1 and γ = 0).
In this Appendix we generalize this discussion to the case of
purely forward scattering (D = 1 but γ 6= 0). The general-
ization is natural on a technical level: when D = 1, the inner
and outer modes decouple from each other [as follows from
Eq. (6)], permitting a complete analytical solution of the BdG
problem for any value of the forward scattering phase γ (see
Appendix A for details of the solution). The results in this
Appendix may be used to understand the Andreev spectra of
short junctions that are characterized in the normal state by
weak backscattering, 1−D  1, but large forward scattering
phase, γ ∼ 1, following the general discussion in Sec. IV of
the main text.
1. The origin of the shallow states upon the topological
transition
As we already mentioned, the inner and outer modes decou-
ple from each other at D = 1. The Andreev spectrum of the
outer modes is independent of the forward scattering phase γ;
this follows from the fact that γ can be eliminated from the
outer-mode problem [Eqs. (5b) and (6b) with D = 1] by a uni-
tary transformation Φo(x) → e−i(γ/2) sgn(x)σz Φo(x). Thus,
the contribution of the outer modes to the energy spectrum is
not affected by γ.
The same unitary transformation applied to the inner modes
absorbs the forward-scattering phase at the price of rotating the
magnetic fields on the two sides of the junction in directions
opposite to each other (the angle between the two directions
is proportional to the forward-scattering phase shift). At some
phase shift, the fields point in opposite directions. In the ab-
sence of superconductivity (∆ = 0), the corresponding Hamil-
tonian is identical to a Dirac Hamiltonian in 1D with a mass
m(x) which changes sign at x = 0. That brings about a local-
ized zero-energy state. At an arbitrary magnetic field rotation
angle, the localized state moves away from zero energy, but
does not vanish. Inclusion of a finite but small gap (∆ < B)
does not destroy this state.
2. Inner-mode bound states with forward scattering in the
trivial phase, B < ∆
The Andreev spectrum of the inner modes depends sensi-
tively on γ. The inner-mode bound state energy is a solution of
the equation Λi(E, φ, γ) = 0, with Λi given by Eq. (A20) (in
which αk+αk− = −
√
(∆ +B)2 − E2√(∆−B)2 − E2 <
0 at energies |E| < |∆ − B|). In order for the equation
Λi(E, φ, γ) = 0 to admit a solution, the second term of
Eq. (A20) must be negative. Simple algebra shows that this
condition is equivalent to
(∆−B)[∆ sin2(φ/2)−B sin2γ] > 0. (B1)
In the trivial phase, ∆ > B, the inner-mode bound state exists
for φ ∈ (φ1, 2pi − φ1), where
φ1 = 2 arcsin
(√
B/∆ |sin γ| ). (B2)
Its energy, E = ±E1(φ, γ), may be obtained analytically
by solving Λi(E, φ, γ) = 0 (squaring this gives a quadratic
equation inE2, of which precisely one root satisfies 0 < E2 <
(∆ − B)2 in the specified range of φ). The result is more
complicated than Eq. (12) for E1(φ), but shares many basic
features with the latter. Firstly, E1(φ, γ) = E0(φ) at B = 0,
so the Andreev spectrum remains two-fold degenerate in the
absence of the magnetic field. Secondly, E1(φ, γ) still crosses
zero at φ = pi, simultaneously with E0(φ). Thirdly, |E1(φ, γ)|
remains bounded by ∆−B. However, nowE1(φ1, γ) = ∆−B
and E1(2pi − φ1, γ) = B −∆, so that the bound state merges
with the edge of the continuum at φ = φ1 and 2pi − φ1, and
disappears when φ ∈ [0, φ1] or φ ∈ [2pi − φ1, 2pi].
3. Inner-mode bound states with forward scattering in the
topological phase, B > ∆
In the topological regime, B > ∆, weak forward scattering
causes shallow bound states to appear in the inner modes near
φ = 0 and 2pi. As discussed above, the equation Λi(E, φ, γ) =
0 admits solutions for someE in the range |E| < |∆−B| only
if Eq. (B1) is satisfied. When γ = 0 this condition prohibits
bound states in the inner modes at B > ∆, but for γ 6= 0
it permits them to exist near φ = 0 and 2pi. For sufficiently
small γ [in particular for |γ| < arcsin(√∆/B), cf. Eq. (B2)],
these states exist only for φ ∈ [0, φ1) and φ ∈ (2pi − φ1, 2pi],
and have energies close to B − ∆; they touch the edge of
the inner-mode continuum at φ = φ1, 2pi − φ1 and disappear
when |φ− pi| < pi − φ1. The shallow states have energies
E = ±Escs (φ), for which a simple expression can be obtained
in the limit (B−∆)−|E|  (B−∆) In this limit, Eq. (A20)
reduces to
1
2Λi(E, φ, γ) ≈
√
2∆B(B −∆)(B −∆− |E|)
−∆(B −∆)F (φ)[1 +G(φ, γ)]
−B(B −∆)G(φ, γ). (B3)
Then for the solution to Λi = 0, we obtain
Escs (φ) ≈ (B −∆)
(
1− B
2∆
×
[
sin2γ − (∆/B) sin2(φ/2)
cos2γ + cos2(φ/2)
]2)
(B4)
for φ ∈ [0, φ1) and φ ∈ (2pi − φ1, 2pi]. This approximate ex-
pression is valid as long as B −∆− Escs (φ) B −∆. Note
that, for |γ|  1, φ 1 and B −∆ ∆, Eq. (B4) reduces
to Eq. (41) [with φs given by Eq. (40) with D = 1]. As |γ|
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FIG. 10. Single-particle excitation spectrum of the junction in the
presence of a very large forward scattering phase (γ = 0.4pi) in
the topological regime, B = 1.5∆. In the limit D = 1, since
γ > arcsin(
√
∆/B) ≈ 0.3pi, a bound state is present in the inner
modes at all φ (dashed blue curve). At D < 1 this state hybridizes
with the outer-mode bound state (dashed gray curve) resulting in
one energy level that is separated from the continuum at all phase
differences, and a second level that dips below the continuum only
near φ = pi (solid black curves, D = 0.975). The spectrum may
be compared with that at |γ|  1, cf. Fig. 5(c), as well as with
the spectrum at γ ∼ 1 but γ < arcsin(√∆/B), cf. Fig. 6 (note,
however, that those Figures are at different values of B/∆ and D
than this one).
increases, the shallow states persist over a larger range of φ.
They merge into a single level when |γ| = arcsin(√∆/B).
This level peels away from the inner-mode continuum as |γ|
increases further, eventually becoming a zero-energy state (in-
dependent of φ) when |γ| = pi/2.
As discussed in Sec. IV of the main text, weak backscatter-
ing, 1−D  1, may cause the inner-mode level(s) to hybridize
with the outer-mode bound state. Recall that, at D = 1, the
outer-mode bound state E0(φ) reaches the edge of the inner-
mode continuum at φ = pi±φ0, where φ0 is given by Eq. (13),
while the inner-mode shallow states exist for |φ| < φ1 and
|φ− 2pi| < φ1. Hence if φ0 + φ1  pi (i.e. for sufficiently
small |γ|), the hybridization is ineffective, resulting in a spec-
trum similar to Fig. 5(c). As |γ| increases past the point where
φ0 + φ1 ≈ pi, the hybridization becomes effective, leading to
a single energy level that is separated from the continuum at
all φ, as shown in Fig. 6. Using Eqs. (13) for φ0 and (B2) for
φ1, the condition φ0 + φ1 >∼ pi is equivalent to
|sin γ| >∼
√
1− (B −∆)/∆. (B5)
Near the transition, B −∆ ∆, this reduces to |γ ± pi/2| <∼√
(B −∆)/∆, i.e., the condition stated in Sec. IV A 2 of the
main text.
Finally, let us consider the effect of weak backscattering
when |γ| > arcsin(√∆/B) is so large that the bound state in
the inner modes is already separated from the continuum at all
phases φ. Now hybridization with the outer-mode bound state
may lead to the situation depicted in Fig. 10, in which a second
energy level dips below the continuum at phases near φ = pi.
4. Inner-mode continuum states with forward scattering
At energies E > |∆−B|, the determinant of the S-matrix
of the inner modes is given by (see Appendix A 2)
detSi(E, φ, γ) =
[Λi(E, φ, γ)]
?
Λi(E, φ, γ)
, (B6)
with Λi, defined in Eq. (A20), analytically continued into the
appropriate range of above-gap energies by taking [(∆±B)2−
E2]1/2 → −i[E2 − (∆ ± B)2]1/2. The scattering-induced
contribution to the continuum density of states is then given by
Eq. (17): δρ = (2pii)−1∂E ln detSi [since detS = (detSi) ·
(detSo) and detSo = 1]. It vanishes forE > ∆+B. Explicit
calculation for |∆−B| < E < ∆ +B yields
δρ(E, φ, γ) =
∂
∂E
1
pi
arctan
(
(E2 + ∆2 −B2)F (φ)[1 +G(φ, γ)] + (E2 −∆2 +B2)G(φ, γ)√
[E2 − (∆−B)2][(∆ +B)2 − E2]
)
, (B7)
where F (φ) and G(φ, γ) are defined in Eq. (A21). Equations (B6) and (B7) generalize Eqs. (18) and (20) for detSi(E, φ) and
δρ(E, φ) respectively, and reduce to the latter in the limit γ → 0.
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Appendix C: Spectrum at nonzero backscattering,D < 1
We next determine the spectrum in the presence of backscattering, D < 1. To streamline notation, we write
Φ(x) =
[
Φi(x)
Φo(x)
]
, (C1)
and introduce new Pauli matrices χi acting in the space of inner (χz = +1) and outer (χz = −1) modes. Performing the gauge
transformation (A1), the linearized BdG equations (5) take the form[− iα∂xτzσzχz − 12Bσx(1 + χz) + ∆τx]Φ(x) ≡ HΦ(x) = EΦ(x), (C2)
where the first equality definesH, the linearized BdG hamiltonian. The boundary condition at x = 0, Eq. (6), becomes
Φ(0+) = e−i(φ/2)τz
eiγσzχz√
D
[
1 +
√
1−Dχx
]
Φ(0−) ≡ T (φ,D, γ) Φ(0−). (C3)
Here the last equality defines the transfer matrix T across the junction. For convenience, we have set the reflection phase δ = 0;
as discussed in the main text, δ can be eliminated from the linearized BdG problem by a unitary transformation, so its actual value
does not affect the spectrum of the junction in the limit we are considering. The solutions of Eqs. (C2), (C3) at energy E are
related to those at energy −E by the anti-unitary “particle-hole” operator
P = τyσyK, (C4)
where K denotes the operator of complex conjugation. The operator P anticommutes with H and commutes with T , so the
solutions at energies ±E are indeed mapped into one another by the action of P .
From the analysis in Appendix A, it follows that the generalized plane-wave solutions of Eq. (C2) at energy E are
Φiσ,ν(E)e
iσkν(E)x and Φoσ,ν(E)e
−iσk0(E)x, where
kν(E) =
1
α
[E2 − (∆ + νB)2]1/2, (C5)
and where
Φiσ,+(E) =
1
2
√
i sin η+(E)

eiση+(E)/2
−e−iση+(E)/2
e−iση+(E)/2
−eiση+(E)/2
04
, Φ
i
σ,−(E) =
1
2
√
i sin η−(E)

eiση−(E)/2
sgn(∆−B) e−iση−(E)/2
sgn(∆−B) e−iση−(E)/2
eiση−(E)/2
04
, (C6a)
Φoσ,+(E) =
1
2
√
i sin η0(E)

04
eiση0(E)/2
−e−iση0(E)/2
e−iση0(E)/2
−eiση0(E)/2
, Φ
o
σ,−(E) =
1
2
√
i sin η0(E)

04
eiση0(E)/2
e−iση0(E)/2
e−iση0(E)/2
eiση0(E)/2
. (C6b)
Here, 04 = (0, 0, 0, 0)T , and
eiην(E) =
E + αkν(E)
|∆ + νB| . (C7)
As before, we choose branches so that kν(E) always lies in the upper-right quadrant of the complex k-plane (Re k ≥ 0, Im k ≥ 0),
and so that ην(E) is a continuous function of E that approaches −i∞ as E → ∞. Thus, ην(E) is purely imaginary for
E > |∆ + νB|, and real for |E| < |∆ + νB|.
Any function Φ(x;E) that satisfies Eq. (C2) can be expressed as a linear combination of the generalized plane waves at that
energy E:
Φ(x;E, φ) =
{
ai−,ν Φ
i
−,νe
−ikνx + bi+,ν Φ
i
+,νe
+ikνx + ao+,ν Φ
o
+,νe
−ik0x + bo−,ν Φ
o
−,νe
+ik0x, x > 0,
ai+,ν Φ
i
+,νe
+ikνx + bi−,ν Φ
i
−,νe
−ikνx + ao−,ν Φ
o
−,νe
+ik0x + bo+,ν Φ
o
+,νe
−ik0x, x < 0,
(C8)
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where a summation over ν = ± is implicit, kν(E), Φχσ,ν(E) (χ = i, o) are given in Eqs. (C5), (C6) respectively, and we
have suppressed all arguments for brevity. When the wavevectors are real, the coefficients aχσ,ν (b
χ
σ,ν) multiply incoming
(outgoing) plane waves. When the wavevectors are imaginary, aχσ,ν (b
χ
σ,ν) multiply the generalized plane waves that grow (decay)
exponentially at infinity.
The boundary condition at x = 0, Eq. (C3), then yields a linear system of equations to be satisfied by the coefficients:
Ωa(E, φ,D, γ)~a = Ωb(E, φ,D, γ)~b, (C9)
where
~a =
(
ai++, a
i
+−, a
o
−+, a
o
−−, a
i
−+, a
i
−−, a
o
++, a
o
+−
)T
, (C10a)
~b =
(
bi−+, b
i
−−, b
o
++, b
o
+−, b
i
++, b
i
+−, b
o
−+, b
o
−−
)T
, (C10b)
and Ωa,Ωb are 8× 8 matrices, given by
Ωa(E, φ,D, γ) =
[
TΦi+,+, TΦ
i
+,−, TΦ
o
−,+, TΦ
o
−,−, −Φi−,+, −Φi−,−, −Φo+,+, −Φo+,−
]
, (C11a)
Ωb(E, φ,D, γ) =
[
−TΦi−,+, −TΦi−,−, −TΦo+,+, −TΦo+,−, Φi+,+, Φi+,−, Φo−,+, Φo−,−
]
. (C11b)
As before, [Φ,Ψ, · · · ] denotes the matrix whose first column is Φ, second column Ψ, and so on. T = T (φ,D, γ) is the transfer
matrix across the junction, defined in Eq. (C3) above. The wavefunction Φ(x;E, φ) in Eq. (C8) represents a valid solution of
the linearized BdG problem if and only if (i) the coefficients aχσ,ν , b
χ
σ,ν satisfy Eq. (C9), and (ii) Φ(x;E, φ) satisfies appropriate
conditions at x = ±∞.
1. Bound states
We first consider states belonging to the discrete spectrum (bound states), which correspond to normalizable wavefunctions
Φ(x;E, φ). Normalizability requires that the wavevectors σkν(E) appearing in the expansion (C8) all have positive (negative)
imaginary part for x > 0 (x < 0). A similar analysis to that in Appendix A 1 shows that bound states can only exist at energies
|E| < min(|∆−B| ,∆), where all the k’s are imaginary. The bound state wavefunction then has the form (C8) with aχσ,ν ≡ 0.
The bχσ,ν coefficients must still satisfy Eq. (C9), which reduces to:
0 = Ωb(E, φ,D, γ)~b. (C12)
This equation has a nontrivial solution for ~b (and hence a bound state exists at the given E and φ) if and only if det Ωb = 0.
Explicit calculation using Eqs. (C6) and (C11b) yields
det Ωb =
1
2∆2(∆2 −B2) sin2η0 sin η− sin η+
Λ(E, φ;D, γ)
D2
, (C13)
where
Λ(E, φ;D, γ) = Λ0(E, φ) + (1−D)Λ1(E, φ) + (1−D)2Λ2(E, φ) + (D sin2γ) Λγ(E, φ), (C14)
with
Λ0(E, φ) =
[
∆2 cos2(φ/2)− E2][− αk−αk+(1 + cos2(φ/2))− (E2 + ∆2 −B2) sin2(φ/2)], (C15a)
Λ1(E, φ) =
[
(E2 + ∆2 −B2)(2∆2 cos2(φ/2)− E2)− 2∆2E2] sin2(φ/2)
− αk0αk−
[
∆(∆ +B) cos2(φ/2)− E2]− αk0αk+[∆(∆−B) cos2(φ/2)− E2]
+ αk−αk+
[
2∆2 cos4(φ/2)− E2(1 + cos2(φ/2))], (C15b)
Λ2(E, φ) = ∆
2(∆2 −B2 + E2) sin4(φ/2) + 12 (∆2 −B2 − E2)
[
∆2 cosφ− E2]− 12B2E2
+ 12αk0αk−
[
∆(∆ +B) cosφ− E2]+ 12αk0αk+[∆(∆−B) cosφ− E2]
− 12αk−αk+
[
∆2(1− 12 sin2φ)− E2
]
, (C15c)
Λγ(E, φ) =
[
∆2 cos2(φ/2)− E2][αk−αk+ + ∆2 −B2 − E2], (C15d)
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and
αkν(E) = i [(∆ + νB)
2 − E2]1/2. (C16)
Note that Eq. (C14) above reduces to Λi(E, φ) · Λo,+(E, φ) · Λo,−(E, φ) [see Eqs. (8), (10)] in the limit D = 1, γ = 0 (up to an
overall multiplicative real, E-independent factor; the latter does not influence the spectrum of the junction).
The bound state energies Esci (φ) (where the index i ennumerates the bound states) are thus solutions of the equation
Λ(E, φ;D, γ) = 0 in the energy interval |E| < min(|∆−B| ,∆). They can be obtained analytically only in particular
limits, analyzed in detail in Appendix D. In general, it is possible to determine the bound state energies Esci (φ) numerically. To do
so, we evaluate Λ(E, φ;D, γ) on a fine grid of E values spanning the range [0, min(|∆−B| ,∆)], identify all intervals in which
the function changes sign, and then apply a stable root-finding algorithm (Brent’s method) within each sign-changing interval.
2. Scattering matrix
We next consider states belonging to the continuous spectrum (scattering states). For any E and φ such that
det Ωb(E, φ,D, γ) 6= 0, we may solve Eq. (C9) to express~b as a linear function of ~a:
~b = [Ωb(E, φ,D, γ)]
−1 Ωa(E, φ,D, γ)~a. (C17)
The scattering states are then given by Eq. (C8). In order for the wavefunctions to remain finite as x → ±∞, the coefficient
aχσ,ν(E) must vanish unless the corresponding wavevector kν(E) is real. This condition fixes the number of linearly independent
scattering states in the continuum at energy E.
The scattering matrix S at energy E is given by the block of [Ωb(E, φ,D, γ)]−1 Ωa(E, φ,D, γ) corresponding to the modes
that are propagating at that energy:
S(E, φ,D, γ) =
(
[Ωb(E, φ,D, γ)]
−1 Ωa(E, φ,D, γ)
)
prop. (C18)
Performing the matrix inversion and multiplication, we obtain an exact analytical expression for S(E, φ,D, γ). This expression is
quite unwieldy at D < 1, so we omit it here. The determinant of the scattering matrix equals
detS(E, φ,D, γ) =
[Λ(E, φ;D, γ)]?
Λ(E, φ;D, γ)
, (C19)
where ? denotes complex conjugation, and the function Λ(E, φ;D, γ) was defined in Eqs. (C14) and (C15); it is analytically
continued past energy thresholds by using the appropriate complex values for the wavevectors:
αkν(E) =
{
[E2 − (∆ + νB)2]1/2 if E > |∆ + νB| ,
i [(∆ + νB)2 − E2]1/2 if E < |∆ + νB| . (C20)
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Appendix D: Approximate results on spectrum of the junction in the presence of scattering
In this Appendix we describe in detail how the approximate results on the spectrum of the system in the presence of scattering,
which are presented in Sec. IV A, can be obtained.
1. Hybridization of the bound states at B < ∆
First, we discuss how the hybridization of the bound states, which happens near φ = pi in the trivial phase, B < ∆, can be
described quantitatively by approximately solving the equation for the bound state energies, Λ(E, φ) = 0. To begin with, we
simplify the general expression for Λ(E, φ), Eq. (C14), under the assumptions
|E|  ∆−B  ∆, |φ− pi|  1, 1−D  ∆−B
∆
, |γ|  1. (D1)
To leading order in the small parameters we find
Λ(E, φ) ≈ ∆
∆−B
[
(E21 − E2)
(
E20 − E2
)− 4(1−D)(∆−B)∆ (E2 − E0E1)+ 4(1−D)2∆2(∆−B)2]. (D2)
Here E0(φ) ≈ −∆(φ− pi)/2, E1(φ) ≈ −(∆−B)(φ− pi) are the expressions for the energies of outer and inner-mode bound
states [Eqs. (9) and (12)], evaluated at |φ − pi|  1. Solving the equation Λ(E, φ) = 0, we obtain the bound state energies
Esc0,1(φ) that are given by Eq. (35).
Eq. (35) indicates that the two energy levels,Esc0 (φ) andE
sc
1 (φ), cross at φ = pi. This peculiarity of the lowest-order calculation
is disrupted by a small forward scattering phase |γ|  1. The latter produces a subleading correction δΛ = −∆γ2E4/(∆−B)
to Eq. (D2), which results in an anticrossing between the Andreev levels at φ = pi. By taking this correction into account, from
Λ = 0 we find the bound state energies Esc± (φ) presented in Eq. (37). Equation (37) indicates that the anticrossing is manifested
in a narrow vicinity ∼ |γ| δε/∆ 1 of φ = pi only [recall, that δε describes the separation of the bound states’ energies from
zero at φ = pi and is given by Eq. (36)]. It is characterized by an energy splitting Esc+ (pi)− Esc− (pi) = |γ|δε δε.
The anticrossing relies on the presence of a forward scattering phase. In the case γ = 0, the Andreev levels cross at φ = pi
even beyond the accuracy of Eq. (D2). To see this, notice that the following relation between Λ0, Λ1, and Λ2 holds at φ = pi [see
Eq. (C15)]:
4Λ0(E, pi)Λ2(E, pi) = Λ
2
1(E, pi). (D3)
Thus, at γ = 0, the expression (C14) for Λ(E, pi) is a complete square; consequently, each energy level at φ = pi is two-fold
degenerate.
2. Hybridization between the outer-mode bound state and the states of the spectral continuum in the topological phase
Next, we employ the general expression for Λ(E, φ), Eq. (C14), to describe how the energy of the outer-mode bound state,
Esc0 (φ), is affected by scattering in the topological phase, B > ∆, near the continuum edge. In that, we focus on the vicinity of
the topological transition and on phases φ close to pi,
0 < B −∆ ∆, |φ− pi|  1. (D4)
Furthermore, we assume that the scattering is weak,
1−D  1, |γ|  1. (D5)
Given these approximations, Eq. (C14) can be simplified considerably at |E|  ∆. Performing a lowest-order expansion in small
parameters, we find
Λ(E, φ) ≈ 2∆(B−∆)
[
E20−E2−2∆(1−D)
E2
B −∆−∆
2(1−D)2 +
√
1− E
2
(B −∆)2
(
E20 − E2 + ∆2(1−D)2
) ]
. (D6)
Here E0(φ) ≈ −∆(φ− pi)/2 is the energy of the outer-mode bound state in a transparent junction.
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By solving Λ(E, φ) = 0 for the phase φ at |E| = B −∆, we establish that, in the presence of scattering, the energy Esc0 of the
outer-mode bound state reaches the continuum edge at points φ = pi ± φsc0 , where
φsc0 ≈ 2
B −∆
∆
+ 2(1−D). (D7)
The behavior of Esc0 (φ) near these points can be addressed concisely in the limit of perturbatively weak backscattering, 1−D 
(B −∆)/∆. By taking
δφ = pi + φsc0 − φ φsc0 , δE = B −∆ + E  B −∆ (D8)
[notice that we assume −(B −∆) < E < 0 here], we obtain the following approximate expression:
Λ(E, φ) ≈ 4∆(B −∆)2
[
δE + ∆(1−D)
√
2 δE/(B −∆)−∆δφ/2
]
. (D9)
Then, by solving the equation for the bound state energies, Λ = 0, we arrive at expression (39) for Esc0 (φ).
A small forward scattering phase, |γ|  1, gives only a subleading correction to Eq. (D6). This correction has a form
δΛ(E, φ) ≈ −2∆(B −∆)γ2(E20 − E2)(√1− E2/(B −∆)2 + 1). (D10)
It results in a shift of the points where the bound state reaches the continuum edge from pi ± φsc0 to pi + φsc,γ0 , where [for
1−D  (B −∆)/∆]
φsc,γ0 ≈ 2
B −∆
∆
+ 2(1−D)(1 + γ2/2). (D11)
This differs from φsc0 [see Eq. (D7)] by a slight modification of the numeric prefactor in front of 1 −D only. Such prefactors
experience the same modification in the expression for the bound state energy. For δφ = pi + φsc,γ0 − φ  φsc,γ0 we find
[cf. Eq. (39)]
Esc,γ0 (φ) ≈ −(B −∆)
{
1− ∆
2
2(B −∆)2
[√[
(1−D)(1 + γ2/2)]2 + B −∆
∆
δφ− (1−D)(1 + γ2/2)
]2}
. (D12)
3. Shallow bound states
As a next step, we use Eq. (C14) to approximately find the energies of the shallow bound states, Escs (φ). As stated in Sec. IV,
such states appear near φ = 0, 2pi in the topological phase in the presence of weak scattering, 1−D, |γ|  1. First, we compute
the function Λ(E, φ) at energies B −∆− E  B −∆ in the vicinity of the topological transition, B −∆ ∆. We focus on
phases 0 ≤ φ 1 [the energy of the bound state near φ = 2pi can be obtained through Escs (2pi − φ) = Escs (φ)]. Performing an
expansion of Λ to leading order in (B −∆)/∆, φ, 1−D, γ, and (B −∆− E)/(B −∆), we get
Λ(E, φ) ≈ 2∆3(B −∆)
{
2
√
2
(
1− E
B −∆
)
−
[
1−D + γ2 − φ
2
4
]}
. (D13)
This expression demonstrates that the equation for the bound state energies, Λ(E, φ) = 0, admits a solution Escs (φ) in the interval
φ ∈ [0, φs) only (for 0 ≤ φ  1), where φs = 2
√
1−D + γ2. The resulting Escs (φ) is given by Eq. (41). Notice that the
weakness of the scattering implies B −∆ − Escs (0) ∼ (B −∆)(1 −D + γ2)2  (B −∆) and φs  1. These inequalities
validate the applicability of the lowest-order expansion which was used to derive Eq. (D13).
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Appendix E: Josephson current in the presence of scattering
In this Appendix we describe a convenient approach to the
calculation of the Josephson current (Sec. E 1), which was used
to produce Figs. 8 and 9. Additionally, we discuss how the
approximate expressions for the Josephson current, Eqs. (44)
and (46), were obtained (Sec. E 2).
1. General expressions for I(φ)
a. Trivial phase, B < ∆
We first consider the junction in the trivial phase, B < ∆,
and discuss how the Josephson current I(φ) can be expressed
directly in terms of Λ(E, φ). As a first step, we divide I(φ)
[which is related to the ground state energy of the junction
through Eq. (27)] into two contributions,
I(φ) = I(1)(φ) + I(2)(φ). (E1)
The first contribution, I(1)(φ), originates from the Andreev
bound states. The second contribution, I(2)(φ), comes from
the states above the continuum edge, E > ∆−B.
In the trivial phase (and in the presence of scattering) all
bound states have positive energies, Escb (φ) > 0 [index “b”
enumerates the bound states]. Therefore, these levels are not
occupied in the ground state and the contribution I(1)(φ) is
given by
I(1)(φ) = −e
∑
b
∂φE
sc
b (φ). (E2)
The sum over the bound states in Eq. (E2) can be expressed
explicitly in terms of the function Λ(E, φ). Indeed, the ener-
gies of the bound states correspond to zeros of Λ(E, φ) in the
complex plane of E (see discussion in Sec. IV). Thus, I(1)(φ)
can be represented as the following contour integral:
I(1)(φ) = e
∫
C1
EdE
2pii
∂2
∂E∂φ
ln Λ(E, φ). (E3)
Here C1 is a combination of contours that encircle all of Escb
(see Fig. 11). Next, we consider the contribution to the Joseph-
son current due to the states with E > ∆ − B. By using
Eqs. (17) and (32) we find
I(2)(φ) = −e
∫ +∞
∆−B
EdE
2pii
∂2
∂E∂φ
ln
Λ?(E, φ)
Λ(E, φ)
. (E4)
The function Λ(E, φ) has a branch cut at E > ∆ − B. Ex-
pressions for Λ(E, φ) on two sides of the cut are related by
complex conjugation, Λ(E + i0, φ) = Λ?(E − i0, φ) [see
Eq. (C14)]. This allows us to represent Eq. (E4) as a contour
integral,
I(2)(φ) = e
∫
C2
EdE
2pii
∂2
∂E∂φ
ln Λ(E, φ), (E5)
FIG. 11. Integration contours C1 and C2 in the complex plane of
energy that are featured in the expressions for I(1)(φ) [Eq. (E3)]
and I(2)(φ) [Eq. (E5)], respectively. Empty circles on the real axis
correspond to the bound state energies. Grey thick lines on the real
axis depict branch cuts of Λ(E, φ) at |E| > |∆−B|. The combined
contour C1 ∪ C2 can be deformed into a contour running along the
imaginary axis, depicted with a dashed line.
where the contour C2 is depicted in Fig. 11. Here we assume
that relations (C20) are valid at the upper side of the cut.
The two contributions to the Josephson current, Eqs. (E3)
and (E5), can be combined into a single expression by unfold-
ing the unified integration contour C1 ∪ C2 to the imaginary
axis (see dashed contour in Fig. 11). By doing this and then
integrating by parts we obtain
I(φ) = − e
2pi
∫ +∞
−∞
dE ∂φ ln Λ(iE , φ). (E6)
This expression is well-suited for a numeric calculation of I(φ)
at any B ≤ ∆, D, and γ. We used it to produce Figs. 8(a), (b).
We note that unfolding of the integration contour is well-
justified mathematically. First, Λ(E, φ) does not have any
zeros away from the real axis in the complex plane of E for
the branch choice that we use [see relations (C20) that are
valid at the upper side of the positive-energy cut]. The latter
corresponds to the “physical sheet” of the variable E [36].
Additionally, the integrand ∂φ ln Λ falls off like E−2 at |E| →
∞. Therefore, the semicircular contour at infinity does not
contribute to I(φ).
b. Topological phase, B > ∆
Next, we obtain an expression for the Josephson current in
the topological phase, assuming that the fermion parity of the
junction is even.
To begin with, we note that at φ ∈ [−pi, pi] the Andreev
bound state at the junction has positive energy Esc0 (φ) > 0.
Consequently, it is not occupied in the ground state. Then,
following reasoning similar to that in Sec. E 1 a, we conclude
that at |φ| ≤ pi the Josephson current can be computed through
Eq. (E6).
On the other hand, Eq. (E6) is not directly applicable at |φ| ∈
(pi, 2pi]. Across φ = pi the energy of the Andreev level Esc0 (φ)
becomes negative and the parity of the global ground state
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switches from even to odd [see Fig. 7]. In this case, Eq. (E6)
gives the Josephson current in the odd fermion parity sector. To
get I(φ) in the even parity sector, Eq. (E6) has to be modified
to account for the difference in the bound state occupation
between even and odd states. Then, for |φ| ∈ (pi, pi+φsc0 ) (i.e.,
in the interval where the bound state is below the continuum
edge) we find
I(φ) = − e
2pi
∫ +∞
−∞
dE ∂φ ln Λ(iE , φ)− 2e∂φEsc0 (φ). (E7)
At |φ| ∈ [pi + φsc0 , 2pi − φs] the energy of the bound state
Esc0 (φ) should be substituted in Eq. (E7) by −(B − ∆). At
φ ∈ (2pi − φs, 2pi] it should be replaced by the energy of the
shallow bound state, −Escs (φ). The resulting expression was
used to produce Figs. 8(c) and 9.
2. Approximate expression for the Josephson current
a. Estimate for the continuum contribution I(2)(φ) near φ = pi in
the trivial phase, B < ∆
Obtaining an approximate expression for I(φ) near φ = pi,
Eq. (44), we calculated the contribution to the current due to the
bound states I(1)(φ) (with the help of Eq. (37)) and disregarded
the continuum contribution I(2)(φ). Here we confirm the valid-
ity of this approach for |φ−pi|  1, ∆(1−D) ∆−B  ∆,
|γ|  1.
To begin with, we note that both I(1)(φ) and I(2)(φ) vanish
at φ = pi and deviate from zero linearly away from this point.
For |φ− pi| <∼ [(1−D)(∆−B)/∆]1/2 the contribution due
to the bound states can be estimated as [see Eq. (44)]
I(1)(φ) ∼ e∆(pi − φ)
(
∆
∆−B
)1/2
(1−D)−1/2. (E8)
To calculate the continuum contribution I(2)(φ) we expand
Λ(E, φ) to second order in (φ − pi) and then estimate the
integral in Eq. (E4). As a result, we find
I(2)(φ) ∼ e∆(pi − φ) max
{
1,
∆2
(∆−B)2 (1−D)
}
. (E9)
This estimate is valid as long as |φ − pi|  (∆ − B)/∆.
Eqs. (E8) and (E9) indicate that
I(2)(φ)/I(1)(φ) 1 (E10)
within the whole phase interval δφB<∆ ∼ [(1 − D)(∆ −
B)/∆]1/2 around φ = pi, in which the smearing of the
disconitnuity happens. This is a result of the condition
1 − D  (∆ − B)/∆, which physically means that the en-
ergies of the bound states ∼ δε = √2∆(∆−B)(1−D) are
well-separated from the continuum edge E = ∆−B close to
φ = pi.
We note that for stronger scattering, 1−D ∼ (∆−B)/∆,
the bound states and the continuum states contribute equally to
the Josephson current near φ = pi, I(1)(φ) ∼ I(2)(φ).
b. Approximate expression for the Josephson current in the
topological phase, B > ∆
Here we employ Eq. (E7) to obtain an approximate expres-
sion [Eq. (46)] for the Josephson current under the assump-
tions |pi + φsc0 − φ|  φsc0 ∆(1 − D)  B − ∆  ∆,
|γ|  1. We begin the calculation by analyzing the first term
in Eq. (E7). To compute this contribution, we employ the
approximate expression for Λ(E, φ) given by Eq. (D6). This
expression can be further simplified in the limit we consider
here. First, since |pi+φsc0 −φ|  φsc0 and φsc0 ≈ 2(B−∆)/∆
we estimate E0 ≈ (B − ∆). Then, in virtue of inequality
∆(1−D) B−∆ the terms ∆2(1−D)2 can be disregarded
in comparison with E20 . As a result, we find
Λ(iE , φ) = 2∆(B−∆) (E20 + E2) [1+(1+ E2(B −∆)2) 12 ].
(E11)
Consequently,
− e
2pi
∫ +∞
−∞
dE∂φ ln Λ(iE , φ) ≈ −e∆/2. (E12)
Next, we account for the second term in Eq. (E7). In the consid-
ered phase interval it is given by−2eΘ(pi+φsc0 −φ)∂φEsc0 (φ).
Combining this contribution with Eq. (E12) and using the ap-
proximate expression for Esc0 (φ), Eq. (39), we obtain Eq. (46).
